Mathematical Structures and Computational Modeling, 2026, 62-77

Mathematical Structures
and Computational Modeling

Mathematical Structures and

Volume 2, 2026

Computational Modeling

ISSN (online): XxXXX-XXXX e s

Svetlin G. Georgiev
Sorbonne University, Paris, France

Pizzetti's Formula for Weighed Spherical Mean and its Applications
Elina Shishkina

Voronezh State University, Voronezh, Russia

ARTICLE INFO ABSTRACT

Article Type: Research Article This article provides a generalization of Pizzetti's formula for weighed spherical mean.

This weighed spherical mean is decomposed into a series of Laplace-Bessel operators.
As applications, we present expressions for solutions of singular differential equations
using Pizzetti's formula for the weighted spherical mean.

Keywords:

Taylor-delsarte formula

Laplace-bessel operator

weighed spherical mean
Euler-darboux-poisson equation
Pizzetti's formula, singular heat equation

Timeline:

Received: March 24, 2026
Accepted: May 07, 2026
Published: June 15, 2026

Citation: Shishkina E. Pizzetti's formula for weighed
spherical mean and its applications. Math Struct
Comput Model. 2026; 2: 62-77.

DOI: https://d0i.org/xx.Xxxxx/xxxx-xxxx.2026.2.6

*Corresponding Author
Email: ilina_dico@mail.ru

©2026 Elina Shishkina. Published by Mathematical Structures and Computational Modeling. This is an open access article licensed under the terms
of the Creative Commons Attribution Non-Commercial License which permits unrestricted, non-commercial use, distribution and reproduction in any
medium, provided the work is properly cited. (http://creativecommons.org/licenses/by-nc/4.0/)



https://doi.org/xx.xxxxx/xxxx-xxxx.2026.2.6
http://creativecommons.org/licenses/by-nc/4.0/
https://orcid.org/0000-0003-4083-1207

Pizzetti's Formula for Weighed Spherical Mean and its Applications Elina Shishkina

1. Introduction

Pizzetti's formula [1, 2]

r

Soom FOVS = o oo A5 (), (1)

expresses the average value of a smooth function over a Euclidean sphere S, (r) of radius r as a power series in the
radius r of the sphere, where the coefficients are given by iterations of the Laplace operator A.

Formula (1) is widely useful in the theory of partial differential equations (PDEs) and can be used to generate
mean-value theorems for solutions to certain differential equations. A generalized mean value theorem, formulated
in terms of an arbitrary Borel measure with support in the unit real ball, was established in [3] for solutions of a
system of homogeneous partial differential equations.

Pizzetti-type formulas are studied from different points of view [4, 5, 6] and admit generalizations to other
geometric structures, including Riemannian manifolds [7], symmetric spaces [8, 9], and H -type groups [10].

In this article, we establish a generalization of Pizzetti's formula for the weighted spherical mean. The weighted
spherical mean is expressed as a series involving the powers of Laplace-Bessel operator

9? Yk a
— yn —_ AL
Ay - k=1 <6x,§ + Xk axk) !
As applications, we derive representations for solutions of singular differential equations.

The rest of the paper is organized as follows. In Section 2 Introduces the Laplace-Bessel operator, the relevant
function spaces, the notion of weighted generalized functions, the weighted delta-function, and the fundamental
solution for Laplace-Bessel operator. Also defines the generalized translation operator and the corresponding
convolution. In Section 3 the weighted functional r* generated by quadratic form defined and B -harmonic functions
(solutions of 4,u = 0) discussed. Theorem establishing the explicit form of the fundamental solution of iterated
Laplace-Bessel operator was proved in Section 4. Section 5 presents the Taylor-Delsarte series expansion, first in
the one-dimensional case and then extended to the multidimensional case. In Section 6 the weighted spherical
mean was defined and the main result: a Pizzetti-type formula expanding this mean as a series in powers of the
Laplace-Bessel operator was proved. The generalized Pizzetti formula was applied to obtain explicit series
representations for solutions of three classes of singular partial differential equations with Laplace-Bessel operator;
the B -parabolic (heat) equation, the B -hyperbolic (wave-type) equation, and an B -elliptic (modified Helmholtz) in
Section 7.

2. Definitions and Preliminaries

Let R™ be n -dimensional Euclidean space, x € R™, y = (¥4, -, ¥s), Y1 > 0,..., ¥, > 0. All functions we will consider
on the open orthant R} = {x € R",x; > 0, ...,x,, > 0} and on the closed orthant Ez ={x€eR"x =20,..,x, =0}

In this article, we study the Laplac--Bessel operator of the form

Ay = Z:l(Byk)xk' (2)

_ 9 vk 0, -
where (B, )x, = 57 + 9 1S the Bessel operator, and k = 1,...,n.

Dealing with the Laplace-Bessel operator (2) we should incorporate power weights into the integration and
employ a measure given by x¥dx, where x = (xy,...,x,) € R}, x¥ = x)* -... x). Using such a power weight we should
restrict our observation only by positive variables. However, due to symmetry with respect to the origin, each
obtained solution can be evenly extended to negative values of the variables.
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Let 2 c R™ be an open set symmetric with respect to each hyperplane x; =0,i = 1,...,n. Define 2, = 2 n R} and
2, =0nR, sothatQ, cR* and 2, C R,.

The notation C™(£2,) denotes the set of m -times continuously differentiable functions on .. By C™(2,) we
mean the subset of functions in C™(£2,) such that all derivatives with respect to x; (i = 1,...,n) can be continuously
extended to x; = 0.

J— J— 2k+1
The class €(12,) consists of functions f € C™(£2,) such that % = 0 for all nonnegative integers k with

x;=0
2k +1<m and for all i =1,...,n (see [11], p. 21). Functions in C™(2,) can be extended evenly to the negative
semiaxes by each variable.

oo A oo A (=] —n [=-]
Suppose, Cep(24) = Nim=o Cev(124). We set (g, (Ry) = Cey.
Let ¢2,(2,) = D,,(2,) be the set of compactly supported functions f € €, (12,).

The space L} (£2,), where 1 < p < «, consists of functions that are measurable on 2, and even with respect to
each of their variables x; for i = 1,...,n such that if f € L} (02,), then

Jo, (f@IPxYdx < , XV =xlt e am

We will use notations L} = L} (R}) and

11y = (g 1O Praz) " ®)

By Li,loc(!h) we denote the set of functions u defined almost everywhere on 2, such that u¢ € Lh@,) forallg €
D¢y (£2,). Let D,,'(22,) be the dual space to D,,(%2,). Each function u € L, .(2,) is associated with a regular weight
generalized function u € D,,,'(12,) acting according to the rule

W)y = fo, u@P)x7dx, ¢ € Doy ().
All other generalized functions u € D',,(12,) will be called singular weight generalized functions. We will use the
notation D',, = D', (Ry).
Weighted delta-function &, € D, is a defined by the equality (by analogy with [12] p. 247)
6y, )y = ¢(0),  ¢P(x) € Dey.

Weighted delta-function is a singular weighted generalized function. The fact that this generalized function is
weighted explained as follows. Let

&2

w0 (x) = {Cee_fz""'z, K <e
0 |x]| > ¢,
where C, is selected such that

Jan @ (X)xVdx = 1.
n
Since

m [o,@p(x"dx=¢(0).  ¢<D,

£+
+
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we have
(@ (x), p(x))y = (By (%), d(x))y,  €—>+0, @ €D
Considering that for convenience we will write
8y, @)y = Jgn 8y ()P (X)x"dx = $(0)
and understand it in the sense of limit of delta-shaped sequence.

Part of a ball |x| < 7, |x| = x2+...+x2 belonging to R} we will denote by B/ (n). The boundary of B} (n) denoted
by S; (n) consists of a part of a sphere {x € R}: |x| = r} and of parts of coordinate hyperplanes x; = 0,i = 1, ...,n such
that |x| < r. The integral by S;f (n) with measure x¥dx is given by

M r(%H)
IS )1y =.g;00xyd5==;;jﬁ?§?5-

4

Dealing with Laplace-Bessel operator we define a weighted fundamental solution E, = E,(x) as a weighed
distribution that solves a linear PDE with a 6, as the source term: LE, = §,, E, € D',

For example, fundamental solution of 4, is a functional from D’,,. Namely, let x € R}, n > 1 and

_1
Sl
Ey(x) = |x|2~ 1Y

@-n-pDlsf ]’

In x|, n+lyl = 2

n+lyl > 2;

then By Ey € Lipe,(RY) and A,E, = §,.S0 E, € D', is a weighted fundamental solution of the operator 4,.

Consider the generalized translation operator
CTIHE) =" TIf(x) = (T T ) (), (5)

on the space of functions that are integrable with the measure x¥dx on RY. In (5) each of one-dimensional
generalized translation yiTxyi" acts fori = 1,...,n according to

Ty () = 1)
(T = o X

fo(x] ,...,xl._l,\/xl.2 +77 = 2X,9,COSP,, X, 0o X, )sin "1 0. dp..
0 (6)

Next we will use notation

)
"3

The generalized convolution generated by the multi-dimensional generalized translation yT is defined by the
formula

cy) =21,

f* 9y (@) = (F x9)y = frn fO) (T 9 ()y" dy. (7)

The primary purpose of the fundamental solution is to express the solution of a nonhomogeneous equation,
providing a way to represent the solution in a concise and meaningful manner.
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Let 2, c R} be a bounded set, f € D,,, and vanish outside £,. Then the function u defined by
By )y () = [y, fO) CTYE)(0)yYdy

satisfies the Poisson equation with Laplace-Bessel operator 4,u = f.

3. Weighed Functional r* and B-harmonic Functions

When dealing with the Laplace-Bessel operator 4,, we use weighed functionals defined in previous section and
corresponding singular functionals.

Letr = |x| = /x2+...+x2. For ReA > —(n + |y|) the weighed functional r* is defined by the formula
(rl: ¢)y = fR:_l rl(p (x)x¥dx, @ € Dey. (8)

For ReA < —(n + |y]) we define the functional (8) by the method of analytic continuation with respect to the
parameter A. Functional (8) as a function of 1 has simple poles at points

A=—+lyD),—(+lyl+2),-(m+|y|+4),.. 9)
It is easy to see that for ReA > —(n + |y|), the functional (8) is differentiable with respect to the parameter A:
a
7Ty =t Inr ¢ (02" dx,
which implies that the functional r* is analytic with respect to the parameter 1 in the domain Red > —(n + |y|).
Homogeneous B -elliptic equation with the Laplace-Bessel operator 4, (see (2))
Au=0, (10)

is a generalization of the classical elliptic equation. A function that satisfies the differential equation (10) is called B
-harmonic.

The Laplace-Bessel operator 4, of a function r# is given by
At =2+ n+ |y| - 2)r* 2

This formula is critical in mathematical physics, showing that r* is B -harmonic in the sense that 4,7* = 0if 2 = 0
ori=2-n—|y|forn+|y|> 2.

When dealing with the Laplace-Bessel operator, we employ the multidimensional Hankel transform, defined by
F,[f16) = R, [f(0)]©) = f(§) = Jen fOOIy (6 )xVdx,  f € LI(RY), (11)
where

iy(X; f) = H?:ljyi_l(xifi)! 41 > 0!"'!]/11 > 0!

2

the symbol j, is used for the normalized Bessel function of the first kind

2VT(v+1)

xV

Ju(x) = Jv(x), (12)

Jv is Bessel function of the first kind. It is clear that F, [6,]($) = 1.

66



Pizzetti's Formula for Weighed Spherical Mean and its Applications Elina Shishkina

Let f € L' (R}) be of bounded variation with respect to each x;, i = 1,...,n, in a neighborhood of a point x of
continuity of f. Then, for y > 0, the inversion formula

B 16 = () = r(V,H)F[f@)](x) F'EV'H)fRn;y(x £ F©)8dg

m
j:1

j:

holds.

Let p? = |&|* = X1, &7. Hankel transform of n?™ is

plvl=zm m# k,m+# ——n+2|y| +2;
Fy[er](g) = Dn,y(m) (_1)mA}T’n6 , m = k; (13)
p—n—|y|—2m Inp, m= _n+2|Y| +k
where 6, = §,(¢) is weighted delta-function, k = 0,1,2,... and
Vit et
( 2lyl+2m T 1rr(( m))r( ™ me Mo
Dn’y(m) = 1 1; ” m= k;
s A
yitly (1 2z TTMalviremtt _ _ntyl
F( ) [n+|y|+m]lr‘( m m = 2 +k

4. Iterated Laplace-Bessel Operator

The iterated Laplace operator is used not only in PDEs but also presents a fundamental tool in analysis, geometry,
and physics. In this section we consider iterated Laplace-Bessel operator, obtain its fundamental solution and
decomposition formula.

The iterated Laplace-Bessel operator plays a significant role in various fields, including partial differential
equations with Bessel operator and weighted spherical mean theory. The iterated Laplace-Bessel operator is a linear
operator, and its eigenfunctions are the B-polyharmonic functions of finite degree. In [11] a function was said to be
"B-polyharmonic" if it was annihilated by some power of the Laplace Bessel operator. Now we will call such
functions "B-polyharmonic of finite degree". Namely, if u(x) € ¢?P(,) and AVu = 0 for all x € 2,, then the function
u(x) is called B-polyharmonic of finite degree p in the open set (..

When the Laplace-Bessel operator 4, (2) is applied multiple m -times to a function w, it results the iterated
Laplace-Bessel operator

Ay = D, (B, (.. (A, w)...)).

m—times

By multinomial theorem we can write
m
A;’nu = ((31’1)951 + (Byz)xz ot (BYn)xn) u=

m k k kn
=S (s, ) B B2 e (B,

(kp kzr:n--- ) kn) - #"kn'

Using notations
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92 ;0
B () = By, By« B )G s ) By, = (B, = 57+

x; 0x;
and k! = k,!-...- k,! we can write
AU = B o (By) u(x). (14)
The next formula holds, with r* defined by (8):

1 A7ynr/‘l+2m

T (A+2)..(A+2m)A+n+ly)..(A+n+|y|+2m—2)

Formula (15) shows the structure of simple poles (9).
Lemma 1 letx e R}, n>1and

[x]2™ 2 In |x|, 2m=n+|y|;
Ey'(x) =y jxpmon-ivl

P—— 2Zm<n+|y|,

then for |x| > ¢ Ve > 0 we get
ATER(x) = 0.

Proof. Let us first consider the case n + |y| > 2m. We obtain

A E(x) = Xy By B (2) = X7, ;}ai x) L - (x) =

1 n 1.0 70 Ix
2m-n—|y| lex}.'fax 7 ox;
J

[zmn-lvl =

_ 1 n 1 0 Yj2m-n—|y| _om-2-n— —
T amen—y| “I=1 Y g — x| l}/lzxf -
2m-n-—|y| x.Jox; ] 2
]
— 2m-2-n—|y|, 1 Yi _
=Y Y x| X; =
Jj= lax J

2m-2-n-|y| 4 2+4y; —2n— Yj
= S gy [T 2T 4 (@l "x7] =

2
=Xjal@m =2 —n— [y P + (1 4yl =
=[@m=2—n—yDIxP"2 M+ (n + [y DIxPm72 Y] = (2m = 2)|x P2

Continuing this process, we obtain the desired formula

1

m — my,12m-n-ly| —
AV EP () = 5o A P vl = .
Now consider the case in which n + |y| = 2m:
() =30y By By () = Xy x) = 1% I | x| =
14 j=1B j=1 ox;"T ox;
J

n 1 8

Yj 2m—4 2m—4 _
T 775 % [(2m — 2)|x|*™*x; + |x|*™ x| =
J

] _4 1tV
|2m 4-x' J —

=(2m-13¥i, y]ax
X
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2m-—4
2

= @m - DX} 7|

J

- 2+yj 4. Yj
2622, 4+ (1 4+ yp Pt | =

= (2m = DX [@m = D70 + (1 +y)Ix*" ] =
= (2m - D[2m — H[x|*™* + (n + [yD[x|*™*] = 2(2m — 1)(2m — 2)| x>
Next
AZEI(x) = 2(2m — 1)(2m — 2)A, |x|>™* =
=22m-1)(2m-2)2m—-4)2m—-6+n+ |y]|x[*" ¢ =
=222m—-1)(2m - 2)(2m — 3)(2m — 4)|x|>™"C.
Continuing this process, we obtain 4}*|x|*™% In | x| = 0, when n + |y| = 2m.

Theorem 1 Let x € R}, n > 1 and

|x|?™ 2 n|x|, m=> %m and n + |y| is even;
Ey'(x) = { gzm-n-im (16)

3 in other cases,
2m—-n—|y|

is a weighted fundamental solution of the iterated Laplace-Bessel equation 47'u = &, in D',

Proof. Applying Hankel transform (11) to 4j'u = §,, using (13), we get (-1)™p*"F,u=1, p>* =3, ¢&. Then
F,u = (—=1)™p~?™ is a solution to (=1)™p?™F,u = 1 for 2m < n + |y|, since (=1)™p~%™ is a locally integrable by R}

with the weight x" function.
Weighted generalised function p? has poles in

—(m+lyD,-(+lyD=2,-(m+lyD—4..,

whenn+|y| €N.So if m > %m m # %'y'+ p, p =0,1,2,... we can consider analytical continuation of p=2™ and by

(13) get
(-1)m2n-lvl

-2m —
H;Ll I'Z (Y]_H) Fy [,0 ] (x) -

2

u=F1[(=Dmp™ 2" (x) =

_ (~ymanlyl

= 27
1'=1r( 2

_qymon—2mp(Ntlvl_
(-1)™2 r(=-m)
Ve

Dy, (—m) x|?m " =
wr (m=-D! T, ()

|x|2m—n—lyl_

Ifm> %m and n + |y| is even, so 2m is a pole of r?™, then using Lemma 1 we get the second part of the formula

(16).

Therefore, to each operator A} there corresponds a characteristic singular solution of the equation AJ'u = 0
which is B -polyharmonic of least degree m in R} and is given by (16).

Next, the solution to 4J'u = f in the form (E}* = f), (x), where EJ* is the weighted fundamental solution (16) of

am.

Lemma 2 Let ¢(x) and y(x) be infinitely differentiable functions, even by each variable. Then for k = 1,2,3,...

K@) = Sirinjon 2 (CTT) () V05 - T (7)
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where

i i fg ifi=0;
VI Vig=qgn 95995 ey g

5=1 gxg dxg

Proof. We use an induction to prove the formula. Assume that k = 1, it is clearly true since

B, () = i (7 + 57 ) (@0) =

Xj ax]'

%y ap oy ¢ Yj oy vj 9
_\'"n oy o oy g rjoy 1o® ) _
_Zf:1< 6x]2.+26xj6xj+¢6x]2-+¢xj6xj-+¢xj-6xj

= by + 290 - T + 8,0 = Sy 2 (") () V0TS - VRS,

Indeed, whenm =1,i=j=0we gety4,¢, wheni=1,m=j=0we get2V¢ -V, whenj=1,m=i=0 we get
PAY.

Next let consider AX** (¢y):

BV ) = By ) = By Emares 2 (M) (1,15 V0T v =

= Smstssa 2 (") (5 ) V07520 - Vit + 2052876 V8 +
+VIAR G - VA M),

Replacing (m + 1) by m, we obtain

Zm+i+j=k 2! ( m ]) (m +]> VLA;/nH‘l’ : VLA{/IP =

= Zm+i+j=k+1 2! ( m i 1 ) (m +j- 1) VLA;/nd’ ' VLA{IIP-
Similarly,
Emsieiee 2 (") (' ) VTR VIO =
i +j—-1 k ; .
= Ym+itj=k+1 2" (m 41 ) <m +j— 1) VEA)rxnd) ) VLA{/I»[’-
Finally,

1 (mEi\( k ; i+1 0
Zm+i+j=k 2t ( m ]) (m +]> VH‘lA;/nd) ’ Vl+1A)]/1/) =

cmAN( ko "
:Zm+i+j=k+1 Zl(m ]>< )VlAlr/n‘l)'le{/lp-

m m+j

By direct calculation,
j — k j — k i k
(mr;ll_J_ll)(m+j—1)+(m+riz 1)(m+j—1>+(mrr-|l-])(m+j)=

= ("))
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So we get

Al}f+1(¢¢) = Vomrinjoiss 2 (m +j) (k + 1

l m i 1
Lemma 2 was presented in [13] in the case then regular iterated Laplace operator acting to the product of two
functions was considered, i.e. 4%(¢).

5. Taylor-Delsarte Formula

In 1938, Jean Delsarte (see [14, 15]) introduced a certain generalization of the notion of translation and, in
connection with it, a corresponding generalization of Taylor's formula. The concept of generalized translation
introduced by Delsarte was later examined from various perspectives by numerous authors (see Levitan [16, 17],
Povzner [18], Bochner [19, 20], Weinberger [21], Hirschman [22]). L6fstém and Peetre gave approximation theorems
onnected with generalized translations in [23]. The article [24] presents the Taylor-Delsarte formula for the
generalized Gegenbauer translation which is used to construct a modulus of smoothness, obtaining equivalent
normalizations for associated functional spaces.

Taylor formula for regular shift is

d

fx+a) = Tisgg D f(x)ak = e®f(x), D= (18)

dx

In his papers [14, 15] Delsarte studies the generalized translation operator (see (6))
f(y )
2

(T, f)x) = cmwx +y" =2xpcosp)sin” pdp, C(y)—

NN

which solves the Cauchy problem

(BT f(x) = (B,), T f (x),
avY

20
VR Wlymo = fO 2 T Olymo =0, 2o

where B, is the Bessel operator y > 0:

a? d
B, =(B),=-—5+i=

dx?  xdx
Notice that for y = 0 Bessel operator is the second derivative (B,), = 7 = D? and

fx+y)+f(x-y)
CTYf)(x) = LEDIED)

Let jy-1(v/Ax) is a solution to the problem
2
Byu = —A1u, u = u(x)
u(0) =1, u'(0) = 0.
The function jy-1(vAx) has the form
2
7Y

Jezt 1(VAx) = /e r=1(VAx) = Zizo(—1* %)

x 2k K
RO

2
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where J, is the Bessel function of the first kind.

Taylor-Delsarte series for decomposition of translation (19) has the form
y )\ gk e
CTINE) = Tico iy )" By 1) = (1B ) ). (21)

By analogy with (21) multidimensional Taylor-Delsarte series for decomposition of multidimensional translation
(5) has the form

s ()

O = Bosions g [l ey y ™ (B () (22)
wherey = (y4,...,¥y) is @ multi-index consisting of positive fixed real numbersy;, i = 1,...,n, k = (kq,..., k) is a multi-
index consisting of non-negative integers |k| k,+...+k, is its length, y* = yf"l y,fk", (B)f(x) =
(B, r...(B, )nf (x1,...s Xn) By, = (By)x, = — 7+ Z_ and k! = ky!-...- ky.

6. Weighted Spherical Mean and Kipriyanov-Pizzetti’s Formula
In his book [25], Fritz John considers the mean value operator on spheres in the Euclidean space R™:

M(x,r,u) = u(x + Br)ds, (23)

|Sn (1)|f5n(1)
where S,(1) ={x € R”- |x|] =1 }is the unit sphere centered at the origin, r = 0, f(x + Br) = f(x1 + Bt oo, X + BuT),
[S, (D] —f dS =2 — ( ) is the area of the sphere S,(1), I'(a) is the Euler gamma function, dS is an element of the

surface S, (1).

The use of spherical means (23) of functions finds broad application in various branches of analysis, particularly
in the theory of partial differential equations (see [12], p.74; [26], p.287).

Differential relations between spherical and solid means of continuous functions were derived in [27]. I. A,

Kipriyanov in [11] extends Pizzetti's formula to weighted spherical mean at zero of functions within the
” v o

corresponding weighted functional classes where instead of Laplace operator the mixed operator Y7, pyvia s
i n o0Xn

was used. The formula presented in [11] (p. 118, formula (2.13)) is known as the Kipriyanov-Pizzetti formula. Further
generalizations of the Kipriyanov-Pizzetti formula are related to the study of problems involving the Laplace-Bessel
operator. We study Pizzetti's formula adapted to the case where the Besel operator acts on all variables.

Weighted spherical mean of function f(x), x € Ez forn=2is

M@ = e fsz o O T P07 S, (24)

(n) ly

where 0¥ =[], eiyi,S{'(n) = {6:16| = 1,0 € R}} is a part of a sphere in R}, and [S (n)|, is given by (4). For n = 1 let
M{If ()] = (T ().

In polar coordinates, where x = r8 with r = |x| and 6 € S{ (n), the functional (8) can be expressed as follows:
i)y = fy TR $ro)evdS)dr = ISF@, f; rATYIT (MY $)(0)dr

where
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Y Y
M $)(O) = s Sty SO S, (25)

It is important to note that when ¢ € D,, the function M! is infinitely differentiable by r for » > 0 and decreases
more rapidly than any power of% as r — o, This behavior is due to similar properties of the function ¢ (x).

Theorem 2 Let u € €5, (2,), x € 2,, then for t the next formula is valid

(MYw)(x) = Xo- O%tw, (26)
2 /p

where (a), = a(a + 1)...(a + p — 1) is the Pochhammer symbol.
Proof. By definition, using multidimensional Taylor-Delsarte series (22), we will have
Y —_ 1 Y TLo Yds =
ML) (] = o Js o TE 0 ()07 dS =

21k

)
n 2 k +2k
|S+(TL)| ZO<|k| 22|kl i=1 I_(ki+]/i2+1) (BV) u(x) fsi"(n) gy dS'

Applying formula (4), we obtain

c21kl . (et M, T
M'w)(x) = WZoqkl 221Kl g1 ( ( ) ) (By)ku( )W -

_ (vl By u) p2Ikl = B Uk
= 1 (57) Zosie e (E ) L 20k )
k|

Dividing the sum by two and applying formula (14), we get

Y _ \'® (By)ku(x) 2lk| _ v
(Myu)(x) = Zp:02|k|=pmr =Yoo

k|

) Z|k| pk, (By) u(x) -

22p l(

yu(x) 2p
= Lp=07m .(n+2m)pr :

Formula (26) can be written in the form (compare with the formula (21))

nty]
(M) ()] = X;5- o%(r) " y)Puc) =J'%|y|_1(i,/(Ay)x -T)ux). (27)

Here and further the right-hand side is, of course, to be interpreted operationally.
The next corollary is valid.

Corollary 1 Let u € C2,(2,), x € 2., then for r > 0 the next formula is valid
- APu(0)
MIu)(0) = |SF (), Zp=ozz,,z:(7n+m)r2p' (28)
(5,

where (a), = a(a + 1)...(a + p — 1) is the Pochhammer symbol.

B -harmonic functions i.e. solutions of the Laplace-Bessel equation 4,u = 0 possess the mean value property
with weighted spherical mean.
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Proposition 1 The value of the B -harmonic on B} (n) function u = u(x) at the point x € B} (n) is equal to the
weighted spherical mean value of the function f on the boundary B} (n):

(M) () = u(x).

Proof. It function u(x) is B -harmonic on B/ (n), then it satisfies the equation 4,u = 0. in B (n) Therefore, from
the representation (27) of the weighted spherical mean operator it follows that M} of the B -harmonic function is
equal to (MY u)(x) = u(x).

7. Applications to PDEs with Laplace-Bessel Operator

P. Pizzetti derived a formula in [1, 2] for expanding spherical means as a series in terms of the Laplace operator,
applicable to sufficiently smooth functions. Pizzetti's formula (1) explicitly demonstrates the equivalence between
rotation-invariant integration over a sphere and the application of rotation-invariant differential operators.
Whenever the Laplace-Bessel operator appears in the equation, by transitioning to spherical coordinates in its
solution, we obtain a weighted spherical mean and can apply formula (26).

By analogy with the classical cases, we consider B -parabolic, B -hyperbolic, and B -elliptic partial differential
equations involving the Laplace-Bessel operator.

Proposition 2 Let f = f(x) € C5,, x € R}, then the unique solution to the Cauchy problem for B -parabolic
equation

ur = (B))u, u=uxt), x€RY t>0;

u(x,0) = £(x) (23)

U, t) = Zpao S AYF () = 5 f ().

Proof. In [28] was shown that

n+ly|

) = gy

21l H?:lr >

_?
e (TLN) ()Y dy.

n
+

Using the spherical coordinates y = r6, we obtain

n+lyl 2

® T -1 6 —
= i(yﬁ_l)fo e 4f7"n+|y| dr fo(n)(yT; f)(X)gde =

2

n+ly|

- 72
T IS (Wl Jy e (MY ) G

2, r(2

Using formula (26) we get

Y . e
Yi+1) ST (M)1y Xp=o 22pp,(n+|y|)
: 2

2, r( - )

2
o _TI”
u(x, t) = fO e 4t‘rn+|y|+2p_1dr =

_ pntt w  Are nHY ,p
= 41_[?:1 I'(VLTH) |51+(n)|y Zp:op!(%m)p r (P + > ) tP =

an-t IR, () . (2 il
T ) S e (P +50) ) =

2
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p — Lt
=Xp=0;, A () = et ®rxf ().

Proposition 3 Fork e R, k>n+|y|—1, f = f(x) € Cgy, x € R} the unique solution to the first Cauchy problem
for general Euler-Darboux-Poisson equation

{(Bk)t = (Ay)xu, u=u(xtk), x€R} t>0 keR

u(x,0;k) = f(x), u(x,0;k)=0 (30)

u(, k) = Tomo !r((_,ll) )" apr o = jica (1B ) - OF ().

Proof. In [29] was shown that for k €R, k >n+|y| — 1, f = f(x) € C4, x € R} the unique solution to the first
Cauchy problem (30) is

u(x, t; k) = Cpy My f (),
where
M f(x) = |ST ()], fol(l — A%t VIS (MY £ (x)dA, (31

2”|’(k+1)

() e (Y

_ k-n—|y|+1
a= P Cryk

The unique solution of the problem (30) for k = n + |y| — 1 is the weighted spherical mean M/ f (x).
Using formula (26) we get (compare with (27))
MY F(x) = [SE )]y Jy (1= A2)@ 2 V=2 (M), £ (x)dA =

ADf(x) _ B
= |S{f (n)lyZp ozzpy(wtzz’f 1- AZ)“ 1 n+lyl+2r-14) =

r(a)r (‘ﬂ+|Y|)

)

k=n—|y|+1\(n+ly|
_ r(r(—)r)() 17 @y jica (VB - 1)f ()

S5 (n)|y Zp 0 !l'(( k21) (2)27’ A}ef(x) =

and

(i)
P )

r(k—n—|V|+1) ("1+|Y|) HL .7 Vl+1

X 2I_(k+1) - 1|_ n+2|y| ]k 1( Ly (A Dx t)f(x)
= j?(i\/ (Ay)x ' t)f(x)

Proposition4 letx e R}, n>1,k>n+|y| -3, f = f(x) € Cs, then the unique solution to the problem

u(x,t; k) = X

{(Bk)tu +Au=b*u, u=u(xtk), b>0, x€RY t>0, kE€ER;

u(x, 0;K) = £(x) s

75



Elina Shishkina Mathematical Structures and Computational Modeling, 2, 2026
has the form

k n+ly|-1
1 vl )

k
220172 (oo (p+ \P
G 65) = T Ty p!l'(p+n2+2|y|) K, , (b0 () ar@.

Proof. In [30] was shown that

n+i-|y|+k n+i+|y|-k 1-k
2 b 2 t 2

() mL r(*5)

u(x, t; k) =2 X

k—-n-1-|y|

X Jn OO WP +t2) 7 K (by/ly]? + t2)y" dy
2

is the unique solution to the problem (32). Using the spherical coordinates y = r6, we obtain

n+1-|y|+k n+i+|y|-k 1-k
2

ux, tik) = 22— I X
( ) I_(lz_k) m, I_(712+1)
k—n-1-]y|
Xy ()% Kuna (0P £ )y [ ) (T2 F)(2)67 dS =
2

n+1-|y|+k n+i+|y|-k 1-k
2 2 2 t 2
= — . S|, X
I_(12k)l_[7i1:1|_(yl+1) | 1( )ly

2

k=n—1-|y|

X fo""(\/rz +t2) 2 Knrarok(DVrZ + 2)rm =L (MY £ () dr

Using formula (26) we get

nti-lyltk ntitly|-k 1—k ADF(x)

2 Lz .
u(x, t; k) = - ; St (n D=0 Jzppy (1)
G610 = g 1S Ol Zesoy, @iy

X

k-n-1-|y|

X f:(m)fl(w (bm)rn+|y|+2p—1dr _
2

k
2

k —
2 bl_izw n+ly|-1
- 1-k p=0
55

r(p+
p(!l:(p_*_@)) Kerpa bty (i)p Ay f o).
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