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ABSTRACT

This paper contains a solution to the millennium problem related to the
Navier-Stokes problem (NSP) in R* without boundaries. In the first part of
this paper the author's results on hypersingular integrals are presented.
By hypersingular integrals we understand the integrals diverging from the
classical analysis point of view. We discuss integral equations with such
integrals, the Cauchy integrals with densities that are distributions, and
the boundary values of analytic functions with distributional density of
the Cauchy integrals. Solving integral equations with hypersingular
integrals is used in the second part. The second part of the paper is based
on the first, and contains an analysis of the Navier-Stokes problem (NSP)
in R* without boundaries. It is shown that a nontrivial solution to NSP
cannot exist for all time t > 0. The only global solution is trivial. The NSP
paradox is proved. This paradox shows that there cannot exist a solution
to the NSP in R% without boundaries for all t > 0.

©2026 Alexander G. Ramm. Published by Mathematical Structures and Computational Modeling. This is an open access article licensed under the
terms of the Creative Commons Attribution Non-Commercial License which permits unrestricted, non-commercial use, distribution and reproduction
in any medium, provided the work is properly cited. (http://creativecommons.org/licenses/by-nc/4.0/)



https://doi.org/10.65904/3083-1733.2026.2.11
http://creativecommons.org/licenses/by-nc/4.0/

Navier-Stokes Millennium Problem Alexander G. Ramm

Introduction
This paper provides a solution to the millennium problem concerning the Navier-Stokes equations in R3.

In Section 1, we develop the theory of hypersingular integrals and solve integral equations with such integrals
using the Laplace transform and analytic continuation. Section 2 extends the validity of several classical integral
transform formulas via analytic continuation. Section 3 generalizes the Sokhotski-Plemelj formulas to the case
where the density is a distribution. Section 4 proves the unique solvability of the Dirichlet problem for the Laplace
equation with L1(S) boundary data using double-layer potentials. Section 5 establishes that the convolution
operator @, = has spectral radius zero and derives a key inequality.

Section 6 analyzes the Navier-Stokes problem in R3 without boundaries:

v+ W, V)v=f—-Vp+vdy, inR3®xR,, (1)
V-v=0, (2)
v(x, 0) = vy (x). 3)

Using the theory of hypersingular integrals, we derive an integral inequality for b(t) = 1ED(&, t)ll, where the norm
is L norm: llull* = [ ;lu(x)|* dx, and prove the NSP paradox:

If a smooth, rapidly decaying nontrivial initial condition vy(x) # 0 admits a global solution for all t > 0, then
necessarily vy (x) = 0.

Consequently, the only global solution is the trivial one v = 0, which resolves the millennium problem.
In [6] the results are presented independently. References [12]-[15] are added for convenience of the readers.

The author is very grateful to Samaneh Chamani for her generous help with the latex and pdf files.
1. Hypersingular Integrals, Equations with Such Integrals and Applications
1.1. Hypersingular Integrals
Consider the integral
Jy & =7 b(s)ds = £(©), 4)
where b(s) is a smooth function.

For 2 > 0 this integral is defined classically (in classical analysis) as an improper integral. If A <0 we call this
integral a hypersingular integral. This integral diverges classically. Consider an integral equation with such integral:

4(t) = bo(®) + f,(t = Y q(s)ds, (5)
where by(t) is a smooth rapidly decaying function.

Let us define integral (4) for 2 < 0. First, assume that A > 0. Integral (4) is a convolution t*~* « b. Taking the Laplace
transform of it one gets L(t*~* » b) = L(t*"*)L(b). Let us calculate

- © — © _ A
L+ )= [ e Pt de = = [TefgAhag = 1 (6)
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where & = pt, I'(1) is the Gamma - function, Rep > 0. It is known that I'(1) can be continued analytically from the
region 1 > 0 to the complex plane € and has simple poles at the points A = 0,—1, -2, .... The function ﬁ is an entire

function of 1. Therefore L(t~*)L(b) = %ﬁm.

This function can be continued analytically in the variable 2 on the whole complex plane of 1 except for the points
A =0,-1,-2,.. at which I'(1) has simple poles. Since L(b) does not depend on 4, we define the integral (4) as

-1 I@® — -1 (L)
L (,,a L(b)) =)L (pl ). (7)

where L1 is the inverse Laplace transform.

An interesting question related to formula (7) is to determine when the function L(b(t)) is the Laplace transform
of a function £ (¢t).

Let us state the result which we prove.

Theorem 1.1 Assume that F(p), p = o + is, is an analytic function in the half-plane ¢ > g, that there exists the
limit

lim F (o + is)
o-0
for almost all s € R = (=, ®), that F(o + is) € L'(R), and
| llim F(p) = 0. (8)
pl-ooo

uniformly with respect to Ip|, [p| » 0,6 = 0. Then

F(p) = [, e f(©)dt, 9)
and
f@© = lim [ e"F(p)dp,  f(©)=0; t<0. (10)
Here
K=K, =K,, ={0—in, 0+in}, 0=0y20,
and |f(t)] < Cfort=0.
Proof. Let L,, = —K,,UC,,, where
C, = by +ne®, —ESIPSS,

the contour L, is oriented counterclockwise. By the analyticity of F(p) and by the Cauchy formula one gets

F(p) = — J, 204 (11)

2miln q-p

where p belongs to the bounded domain with the boundary L,,. Let n - «. Then

lim

n—-oo

F(q)dq|< mn
Cn g-p | = n-lpl

max|F(q) >0, n- oo, (12)
qeCy
where G > 0 is a constant independent of n. We have used assumption (8).
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Thus from (11) and (12) one gets
FO) = gm gt
One has

ﬁ =["e~@Ptdt,  Rq>Rp.

From (13) and (14) one derives
F) = [y e (= [ F(q)edq) dt = J; e f(t)dt,
where
f®) = 5= [, F(q)eda,
and
F(p) = [, e Pt f(t)dt.
Let us prove that f(t) = 0 fort < 0.
If h > 0, then by the analyticity of F(q) and e~9 one has

J e F(q)dq = 0.

Moreover,
lim |fC e qt F(q)dq| < lim (sup |F(q)|> f:ﬁz e~tneos¥ n gy = 0,
n—-oo n n—-oo qeCp
because
e ap=0() 20 e
Therefore

ﬁfKe‘th(q)dq =0, t>0.

Alexander G. Ramm

(16)

(20)

(21)

This and (16) imply f(t) = 0 for t < 0. If F(q + is) is bounded, then sup|f(¢t)| < C. Theorem 1.1 is proved.
t>0

Theorem 1.2 If the assumptions of Theorem 1.1 are satisfied and
Jm IF@Iplf =0, p>1,
then f(t) € C(R,) and f(0) = 0.
Proof. By formula (17) one has
Fp)= [ e f(dt+ [ e P f(ydt =1, +1,  &>0.

Moreover,
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e~ ¢pP

ILI<C[ ePdt=cC . (23)
Let e = |p|~¥/2. Then
e_pl/z 1
L@ < C——=0(77), Ipl -,
since g > 1.
This and F(p) = 0 (), Ipl = = imply
1
L@ =0(c5),  Ipl-oe, f>1, (24)
One has
£ _pt 1-e~P¢ 1—e~PE e—€P
Iy = fy e f(B)dt = £(0) ——+ max|f () = f(O)|——= (f(0) +o(1)) =, Ipl > . (25)
From (24) and (25) it follows that f(0) = 0 and f € C(R,). Theorem 1.2 is proved.
Remark 1.1 Assume g, = 0 and F(is) € L¥(R), k > 1. If 1 < k < 2, then (see [5], p. 165)
w . k.
f©) = [ F(is)e "t ds € Le-3(R). (26)
By the Hausdorff-Young inequality (see [5], p. 165) one has
k-1
71 kS Q@m) & NFl k. 27)
Lk—-1

If 1 <k <2, then f(¢) is a function. If k > 2, then f may be a tempered distribution (see [5], pp. 163-164).
Example 1.1 Let
F() = e
Is this function a Laplace transform? Note that F(p) is analytic in the half-plane ®p > 0 and
FO)=0(=5:),  Ipl -
50 =2>1and F(is) € L(R), 1 < k, 2.
By Theorem 1.1,
Fp=L{F®} f@®=0fort<o,  f() € C(Ry).
By Theorem 1.2, one concludes that f(0) = 0.
Example 1.2 Let

F(p) = eV?,

We investigate whether F(p) can be represented as the Laplace transform of a function f(t) € L*(R,) for some
¢ > 1. Suppose that
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F(p) = eV = [ f ()e PtdL. (28)
Then, by Hoélder’s inequality with
1 1
Te =1
one has
w 2\ oo e 1
e? < (JIfF©Fdt) " (J, e t'Ptdr) "~ = C i (29)

If p > +, then the left-hand side grows much faster than the right-hand side of (29). Therefore relation (28)
cannot be true for any f € L*(R,), £ > 1.

Example 1.3 Consider the integral equation with a hypersingular integral:
t _
@(t) = o (t) + ¢ [ (t —$)™>/* p(s)ds, c = const > 0. (30)
Using our definition of hypersingular integrals, the Laplace transform and formula (6), we obtain

_ L{gpo}
L{p} = 1—61"(—%)171/4.

It is known that

Mz+1) =zl (2).

Therefore,
1 3
r(-3)=-4 r(G)=-a a>o
Hence,
L{po}
L{o} = et (31

If by (t) is smooth and rapidly decaying as t — o, then
LY@ =0 (), Ipl oo, 9> 0.
This and formula (31) imply
L@®) =0(5s),  Ipl- o

Thus, g = Z > 1. By Theorems 1.1 and 1.2 we conclude that L(¢p) is the Laplace transform of f(t) € C(R,) and
f(0) =o.

2. Application of Analytic Continuation to Tables of Integral Transforms

In [1] there are many formulas the validity of which can be greatly extended by analytic continuation. Let us give
some examples.

Example 2.1 In [1] formula 1 in Section 2.3 is given:
fowx“’ sin(yx)dx = y¥~1I'(1 —v)cos (Vf), y>0 Rv<2 (32)
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Classically, the integral in (32) diverges for Rv = 2. The right-hand side of (32) admits analytic continuation with
respect to v on the complex plane. Since I'(1 — v) can be analytically extended to the whole complex plane except
at the points

v=123..
The function cos (?) has zeros at the points
v=1+2m.
These zeros eliminate the poles of I'(1 — v) corresponding to odd v.
Example 2.2 Formula 7 in Section 2.4 in [1] is
fooox‘ve‘“" sin(yx)dx = I'(v) (a? + y?)™"/?sin (varctan g), (33)
Ra > 0, Rv > —1.

Example 2.3 Formula (4) in Section 2.5in [1] is

© . _ nyv~1 r'w) T AN
fo x7V Inxsin(yx)dx = —zr(1—v)cos("2—") [F(v) +2 cot( . ) lny], (34)
|Rv| < 1.

The reader can extend the validity of these formulas by analytic continuation with respect to v of the right-hand
sides of these formulas.

3. Singular Integral Equations on a Set of Distributions

Let D c R? be a bounded connected domain, with S its closed boundary, S € €%, 0 <a <1, or S = (—x,®).
Consider the singular integral

L[ =By =T (35)

in’S s—t

Let H™ = H™(S) be the Banach space of Holder-continuous functions on S, 0 < u < 1, with the usual norm (see
[9]). Let X be the space of bounded functionals on H™,

Ipll, = sup [, @)l

Il yym=1

It is known [9] that the operator B is bounded on H™, it has a bounded inverse on H™, and its range on H™ is the
whole space H™. Therefore, equation (35) is uniquely solvable in H™.

In this section we generalize these results to the space X. Our basic new assumption is ¢ € X.

Let us define

L g = (¢ ;) z¢S. (36)

5—-2z " in(s—2z)

The parentheses in (36) denote the value of the functional ¢ € X on the smooth element

1

in(s—z)
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defined on S.
We wish to prove an analog of the Sokhotski-Plemelj formulas for ¢ € X.

We want to characterize elements i € X which are boundary values of analytic functions

O@) = = fsw(s)d
on C\S.
The boundary values of @ on S we define as follows.
(@%,) = lim(e(t + 6N), Y(©), VP EH™, (37)

where (@%,) is the value of (&% € X on the element ¥ € H™, and N, is the unit normal to S at the point ¢t € S. The
vector N, is directed into the domain D*. Since § > 0, the pointt + §N, € D* and t — §N, € D~. The domain D~ is the
complement of D* in R2.

Let us prove the existence of the limits in (37). We have

@(s)ds P(s)ds | P(©)
5—»0 (Zm sz tFSN:’ lp(t)) ( " 2mi fS s—t * 2 )' (38)
Vi € H™,

where we have used the known Sokhotski-Plemelj formulas. Therefore, the limits in (38) exist. The right-hand side
of (38) is the value of ¢ € X on an element of H™, because if € H™, then

il € H
From formula (38) it follows that
@ =07 =(py),  VHEHT, (39)
and
(" + D7, 9) =(¢,BY), VY EH™ (40)

The Sokhotski-Plemelj formulas for ¢ € X can be written, using formula (38), as follows:

ot =

N | =

By +

N|~s

= ot (41)
where B is defined for ¢ € X by formula (36) with ¢ = .

If ¢ € L1(S), then ¢ € X. Therefore, formulas (41) are valid for ¢ € L1(S).

Let us characterize elements ¢ € X which are the boundary values of analytic functions in D functions.

If o = @*, then

that is,
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Bp—¢@ =0. (42)

Theorem 3.1 Formula (42) is a necessary and sufficient condition for ¢ € X to be a boundary value of an analytic
function in D. If (42) holds, then

®(z)=0 inD".
4. Dirichlet Problem with L1(S) Boundary Data
Let D be a connected bounded domain in R3, S its closed smooth boundary. The problem is
Adu=0 inD, (43)
uls = h € LX(S). (44)

This problem has been studied by many authors. These basic directions of research concern non-smooth
boundaries and non-smooth boundary values. We deal with the non-smooth boundary values. The operator in (43)
is a simple elliptic operator, the boundary S is smooth, the boundary values h are non-smooth.

In the literature the boundary values are often smoother than L!(S) (see for example [7], [8]).

We look for the solution to problem (43)-(44) in the form

u(x) = [, 225 (s)ds, (45)

ANg
where N = N, is the normal to S at the point s € S, directed out of D, and u = u(s) is to be found.

The function
9 y)=—loglk—yl, xy€R?

or

1
amlx—-y|’

glx,y) = x,y € R3,

is the fundamental solution. The function defined by (45) solves equation (43).

To shorten the presentation we assume that x, y € R?. Then the kernel of the operator

ag(x,s)
A(X, S) = B—NS

has a limit as x — t along the normal N,. This limit
At s) = 2282

ONs

is a continuous function of t and s on S.

Therefore, the integral equation for u which guarantees that boundary condition (44) holds is
—g +Ap=h, A= [(A(t,s)u(s)ds. (46)
The integral in (46) is well defined for i € L1(S) because the kernel A(t, s) is continuous and, therefore, a bounded
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function on S.
Let us formulate a criterion of compactness in L1(S) due to M. Riesz.

Proposition 4.1 A bounded set M c L1(S) is compact in L1(S) if and only if for an arbitrarily small € > 0 there
exists § > 0 such that if || < §, then for any h € M one has

lh(s + 1) = h(S)ll 1) <& s+TES.
Here the norm is the L1(S) norm:
lAll sy = J; [R(s)]ds.
Lemma 4.1 If M c L1(S), then AM is compact in L1(S).
Proof.

ICAR)(t +7) — AR(D)ll 3¢5y < ISIsuplA(t +1,5) — ACt, )Rl 1) < e. (47)
S,tes

By Proposition 4.1 the set AM is compactin L'(S). Lemma 4.1 is proved.

We leave it to the reader to check that A(t,s) is a continuous function of t,s € § assuming that S is a smooth
closed boundary (curve).

If Ais compactin L'(S), then the operator
—l1+4
2

is of Fredholm type. Let us check that its null-space is trivial, and if this is done, then the operator

(—51+A4)™
is bounded in L1(S).
Lemma 4.2 If u € L'(S) and
(—51 + A)u =0,
thenu = 0.
Proof. If u € L1(S), t € R? and
Ap=sp (48)

2

then u € C(S). If p € C(S) and S is smooth, then in [11] it is proved that the limit of (45) as x — t along N, is equal to

(—%I +A),u.

If u € C(S), thenitis known (see, for example, [11]) that

(—%I+A),u =0 implies u=0.
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Lemma 4.2 is proved.
Remark 4.1 The assumption h € L1(S) is essential for the uniqueness theorem.

Example 4.1 Let

D={(x,y):(x-1D*+y?<1}, S={xy):x-1)2?+y?=1}

and
u=1-2%(3)
Then
u#0 inD, ulg=0 exceptatthepointx=0, y=0,
and
uls & L*(S).
In this example,
u=1-7> =—x2x2’fy_22x =0 onS,

except at the pointx =y = 0.

Then h = u|s. In polar coordinates x =rcos ¢, y = rsin ¢,

h= r2-2rcosg _ r—2cosg

r2 r
Clearly,
h & L'(S).

Thus, the assumption h € L1(S) is a necessary condition for the uniqueness theorem. Uniqueness statement. If
h e L*(S)and h =0 o0n S as an element of L}(S), thenu = 0in D.

Let us formulate the result we have proved in this section.

Theorem 4.3 Problem (43)-(44) is uniquely solvable for any h € L!(S). The solution exists in the form (45), where
u € L1(S) is the unique solution of equation (46). We assumed so far that x,y € R", n = 2. If n > 2, then the kernel

A(t,s) is not bounded.

The fundamental solution to the equation

Ag(x,y) = —6(x—y), xy€R", (49)
is
_ |x_y|2—n _ 27'L'n/2
glx,y) = e n>2, W, = —F(g) (50)

Here §(x) is the Dirac delta-function, w, is the area of the unit sphere in R*, and I'(x) is the Gamma-function.

Without loss of generality let us assume that n = 3. In this case
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a 1 _ cos@

v am|t—s|  4m|t—s|?’

A(t,s) =

gx,y) =

am|x-y|’
where ¢ is the angle between v, and the vector going from t to s.

Since

| cos @|
lt-s|2’

|A(t, )] <

the kernel A(t,s) is unbounded when t — s, because

t—s

[cosg| = |cos (vs,m) =0(lt—s|]) whent-s,

since we assume that S is smooth.
If u € L1(S) and A(t, s) is unbounded, the integral Au diverges classically.
Definition 4.1
A e) = WA ), Vo eC(S). (51)
where
A = fSA(t, s)et)dte c™(S) ifSec™.

In (51) the generalized function u acts on a test function 4*¢ which is smooth.

5. More on Integral Equation (30)

We have solved equation (5) using formula (6). Let us introduce the function

tA-1

®,(t) = Ok ®,(t)=0 ift<O. (52)
Formula (6) can be written as
L(®) = p% Rp >0, 1€ R. (53)
Lemma 5.1 If f > 0 is continuous and 1 > 0, then
®,xf=0. (54)

Proof. For 1 > 0 the convolution (54) is defined classically and inequality (54) follows from the assumption f = 0.
Lemma 5.1 is proved.

Theorem 5.2 The operator
Af =, « f, A>0,
has spectral radius r = 0 in the space
Xy =C(0,T)
forany T > 0.

Proof. The spectral radius of a linear operator A is defined by the formula
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r = lim [IA™|]*/". (55)

We check by induction that

1
r(nd)

A" flly, < T Wfllx,, n=1 (56)

Forn =1 one has
T/l
1Af Il < 7 1l
Suppose (56) is valid for some n > 1. Then

t(t- )/1—1
A = i

_)A-1 na
Anf(S)dS < ft(t s) s"r)

0 r r(n/1+1)d5"f"XT’

hence

1

n+1 < T(M+1)4
1+ flly, < TOHDR s [l

Thus, the inductive inequality is proved.

Consequently, using the well known asymptotic formula

r(Z) — e(z—%) lnz—z+%ln(2ﬂ:)(1 +0(1))’ Z - o, (57)

one gets
lim IA™1/ = lim —— =0 58
r= nglgloll /™ = lim oo = 0. (58)

Theorem 5.2 is proved.
Consider the equation
q=by+Aq, (59)
where A is a linear operator in a Banach space X.
Theorem 5.3 If r(4) < 1, then equation (59) is uniquely solvable by iterations for any b, € X:
q = X2, Aby, (60)
and this series converges in X.
Theorem 5.3 is known.
The series (60) converges as a Neumann (geometric) series (see [4]).
Lemma 5.4 Let b, € C(R,) and ¢, > 0. Consider the equation
q=b0—écb1/4*q. (61)
Then equation (61) has a unique solution
4= (—écp1 p *)j by, (62)
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and the series converges at the rate of geometrical series.

Proof. Since the spectral radius of A:= —Cicbl/4 * equals to zero, the series for g converges in the space of
q

continuous functions if b, belongs to this space. Lemma 5.4 is proved.
For f = 0 one has
=@,y % by = 0. (63)
Cq

Taking into account that spectral radius of the operator Cicbm * equals to zero by Theorem 5.1, one gets
q

b < Zro(—L" (2@1sa ) by, (64)
Consequently,
0 < b(t) < q(b), (65)

where q solves equation (61). Recall that b = 0 and q > 0 by definition.

6. Analysis of the Navier-Stokes Problem (NSP) and Solution of a Millennium
Problem

6.1. Statement of the NSP

We consider the Navier-Stokes problem

o0v+ W -Vv=-Vp+vav+f,inR3xR,, (66)
V-v=0,inR®XR,, (67)
v(x,0) = vy(x), V-v,=0,in R3. (68)

Here v = v(x,t), t € R, = [0,0), and v > 0 is a constant. The functions v,(x) and f(x,t) are given, while the
functions v = v(x,t) and p = p(x, t) are to be determined from equations (66)-(68). The initial data v, (x) must satisfy
the incompressibility condition (67). Our solution is classical, it is a smooth function of x and ¢.

We aim to derive an integral equation equivalent to the NSP. For this purpose, we introduce the Green's function
G (x,t) solving the problem

9.6 —VA,G = 5SS — VP,  INREXR,, (69)
V,-G=0, inR¥xR,, (70)
G(x,0) =0, inR3. (71)

Here §(x) and §(t) denote Dirac delta functions, and

5 _{1' Jj=m,

jm — 0’ jim, PmZPm(x:t):

where B, is a scalar function. The velocity v(x, t) is a vector-valued function.

We assume
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P,(,t)=0 fort<0, VP, =2me

5)(]' J

Summation over repeated indices is understood.

Before we continue, let us describe a brief history of the Navier-Stokes problem (NSP).

In 1752, Euler proposed equations describing the dynamics of an ideal, non-compressible fluid. Later in 1752,
D'’Alembert proposed a paradox showing that Euler's equations were physically incorrect. This paradox is discussed
in [3].

In 1822, Navier (Claude-Louis Navier) wrote equations (66)-(68) for a viscous incompressible fluid. In 1845,
George Gabriel Stokes further studied these equations. The hope was that these equations would allow physicists
to avoid contradictions in the theory of fluids.

In 2021, Alexander G. Ramm proved a paradox for the NSP. Ramm's paradox can be formulated as follows.

NSP Paradox: Assume (for simplicity only) that f = 0, that v,(x) # 0 is a smooth, rapidly decaying function as
|x| = «, and that a solution to the NSP exists for all t € R,. Then one proves that

v(x,t) =0.

Conclusion: This paradox shows that, both physically and mathematically, the NSP in R? without boundaries is
contradictory and therefore is not satisfactory.

6.2. Derivation of the Integral Equation Equivalent to the NSP
We begin by defining the Fourier transform.

Define the Fourier transform

D&, ) = G Jya v D™ ¥ dix, (72)
where [ := [,
The inverse Fourier transform is
v(x, t) = fm3 D(&, t)e* dE. (73)
Let
G(x,t) = fR3 H (&, t)e®*dé. (74)

Taking the Fourier transform of equations (69)-(71), we obtain

Sim .. oA
OcHym + VIEI*Hjm = 8() 55 = 6P (6, 1), (75)

where summation over repeated indices is understood.

Moreover,
&iHim =0, (76)
EmPn(§,6) =0, (77)
H(,0) = 0. (78)
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Here
B, (&0 = (27‘:)3/2 S PCr, t)e %% dx. (79)

Multiply (75) by ¢; and use equations (76)-(77), according to which ¢;H;,, = 0 and ¢;0,H;,, = 0, to obtain

0=~ il B, (80)
or
P =~ (ifrt))3 |?|r; 1)
Therefore,
OcHjm + VIEP Hyy = 22 (8, — 57, (82)

Taking the Laplace transform of (82) and using (77), one finds

2 _ §ism
(P +VIEIILHyn) = oz (m =55 (83)
Therefore,
_LEmY o -vigp?
Him(§,0) = s (8jm — L) e8P, (84)
Consequently, by (74),
1 i&x —v §iém
Gim (6, 0) = G5 Jys €%e |e|zt(5jm_ élz)df, (85)

This function G(x, t) solves equations (69)-(71).

Lemma 6.1 If
ow—vAw =0in R3 x R,, (86)
w(x, 0) = wy(x), (87)
then
w(x,t) = [z 9C =y, ) wo (¥)dy. (88)
Here
_lx?
g ) = (4;‘:;; 5 >0, (89)
and
g(x,0):= tl_i)r(gg(x, t) =0. (90)

Proof. Taking the Fourier transform of equations (86)—(87), one obtains

9,W +v|E|PW = 0, (91)
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w(s,0) = wy($).
Solving for w yields
W ) = eI tmy (§).
Using the convolution formula
Fl [ h(x —¥) f(y)dy] = (2m)%hf,
and the identity

—vigze — 1
€ (2m)3

Jos €75 g(x, t)dx,
we obtain (88), namely
w(x, t) = [ 90 =y, ) wy(y)dy.
Lemma 6.1 is proved.
We assume (for simplicity of writing only) that f = 0. Let G be defined by (85) and define
v, ) = [y [ G =yt =) [f(,5) — (v - VIv(y, $)]dyds + [, g(x — ¥, £) v,(»)dy.

Theorem 6.2 Equation (97) (with f = 0) defines a solution to (66)-(68) with f = 0.

Proof. Apply the operator 9, — v4 to (97) and use (69) to obtain
0,v —vAv = fot Joal6(x = ¥)8(t = $)8jm = Vi Py (x — y, t = )] [=(v - VIV],pdyds = —(v - VIv(x, t) — Vp(x, t),
where

p(x,6):= = [ o5 Pu(x = y,t = 5) [(v - V)V],n (v, 5)dyds.
By (70) and (68), one has
V.v=V. fR3g(x -y, ) v,(y)dy =V- fmgg(z, v, (x + z)dz = 0,

where we set z = y — x and used the symmetry g(x, t) = g(—=x,t).

(92)

(99)

(100)

Thus, we have verified that a solution to (97) satisfies equations (66)—(68) with f = 0. Theorem 6.2 is proved.

We will work with the Fourier transform of equation (97) with f = 0:
v 0 =— fotH(f, t —5) 0 * (i§0)(§, 5)ds + (2m)*G(§, )9, (§),
where * denotes convolution in R3.

We compute g(¢, t):

_lx?
—if-x e 4vt

N _ 1
9.0 =G Jus €™ G 9

x2

1 3 0 —i&ix; i
Hj:l f_me *ie 4vtdxj

= (2m)3 (4mvt)3/2
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3

1 . _ﬁ
_W ng COS(fjxj)e 4vtdxj

= (\/We _thlz')s

= (2m)3 (4mvt)3/2

1 el (102)

(4m)3

Here we have used a standard Gaussian integral formula (see, for example, Section 2.4 in [1]).

Consequently,

(2m)* (€, )90(8) = £ e ™5, (8), (103)

Note that by Young's convolution inequality

where the norm is L?(R3) norm.

Denote

and assume that

Lemma 6.3 One has

19 * @D, < 1DNNEDII, (104)
IED(E, D)I: = b(D), (105)
lvell < C. (106)
suopllﬁ(f, il <cC. (107)

t>

Proof. Multiply equation (66) by v and integrate over R? to obtain

1d
2dt

W12 + fos U V) 050 dx = [os f - vdx — [L,(Vp) - vdx +v [ ,(4v) - vdx. (108)

Using equation (67), one gets

Further more,

Moreover,

— Jos(Vp) - vdx = [, p(V-v)dx = 0. (109)

2 2
Jys V¥ 00 i = [y v;0; () dx = — [0 (0)v) 2 dx = 0, (110)
va3(Av) cvdx = —v f]R3|V17|2 dx < 0. (111)

From equations (108)—(111) one obtains

S lwll? < 2lIf Nl (112)

Therefore, % lvll < lIfIl. Integrating with respect to time yields
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(O < Il + [JIFEI ds.
Consequently,

supllv(®)Ill < C,

t>0

where C: = ||yl + €; and we assume
FIfllds < ¢,
Therefore estimate (107) and Lemma 6.3 are proved.
Later we will prove the following result.
Theorem 6.4 A solution to (66)-(68) satisfies the following a priori estimate:

sup(lv(OIl + IVv(DI) < C.
t>0

Let us derive the integral equation for b(t) defined in (105). First, we need two formulas:

llee=147)| < £
_ c

”e Vt|$|2|| = m

Proof of (117)-(118). The proof is straightforward. Indeed,
2 o) o)
6o 7" = fulél? e2vhag = am ["rte 20 dr = s [ ste>" ds = o,
where s = (2vt)Y/?r. This proves (117).

Similarly,

2 !

le—vesl?)” = Jo e~2vtldl? gg = r§7’

which implies (118).
Let us estimate [|#ll using equation (101):
ol < [JIHE = o NIEDE)lids + Ce™a8”,

Here we used the estimate supll?,(é)ll < C. Using formula (91), we have
3

|H(E, t)| < CeVtEP,

where we have used the estimate

| $iém
Jm g

<1, jm=123.

Thus, using estimates (107) and (122), we obtain

[9(5,)] < C [ eI b(s)ds + Ce 1P|,

(113)

(114)

(115)

(116)

(117)

(118)

(119)

(120)

(121)

(122)

(123)

(124)

where we assume that 7, (¢) is smooth and rapidly decaying. Multiply (124) by |¢| and take the L?(R*) norm to obtain
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t b(s)

b(t) < C [, ey 48 + bo (D), (125)
where
bo(t) := C|| 1€le ™81 5, (). (126)

If one assumes that |7,(¢)| decays sufficiently fast as ] - o, then

0 < by(t) < — (127)

a+eom’

Together with inequality (125), we consider the hypersingular integral equation

b(t)=C fot (:Sg 2 ds + by(t). (128)

Equation (128) is solved using the formula derived in Section 1. The hypersingular integral in (128) is defined in
Sections 1.1 and 1.2.Taking the Laplace transform of equation (128), one gets L(b) = CT (—i)L(b) + L(b,), that is,

-1
L(b) = L(by) (1 —cr (—i)) . We have used the formula L(f; s~ b(s)ds) = [(A)p™L(b). Since I'(s + 1) = sT'(s), we
take s = — % and getr (—i) = —4T G) :=—¢; <0.S0, L(b) = L(by)(1 + Cclp%)_l. If one assumes that b, (t) is smooth

and rapidly decaying, then L(b(t)) is smooth and its Laplace transform satisfies

i, (bIPe)®)) =0,  f>1. Rep>0, =1 (129)

4
By Theorem 1.2 one gets

be CR,), b(0) = 0.
This also follows from inequality (125).

Using Lemma 5.4, consider equation (61). Since t > 0, one may use equation (60) for b. Inequality (65) allows one
to prove the NSP paradox.

Theorem 6.5 (NSP paradox) Assume that v,(x) # 0 is smooth and rapidly decaying as |x| = «, and that the
solution to the NSP (66)-(68) exists for all t € R,.. Then

v, (x) = 0.
Proof. From (129) and (65) it follows that
b(0) = 0. (130)
That is,
1£12¢€, 0)ll = 0. (131)
Therefore,
1$19(¢,0) = 0. (132)

Since v € L?2(R?), one concludes that #(¢,0) € L2(R3) and hence
H(¢,0) = 0.
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Consequently,
v(x,0) =vy,(x) =0.
Theorem 6.5 is proved.

The NSP paradox proves that the Navier-Stokes equations are physically incorrect and should be replaced by
equations free from paradoxes.

Finally, let us prove Theorem 6.4.
Proof. Since we have proved estimate (107), it is sufficient to show that

supllVu(x, )l < C. (133)

t>0

By Parseval's equality, inequality (133) is equivalent to

suph(t) < C. (134)

t>0

Inequality (134) follows from estimate (125) and inequality (65). This completes the proof of Theorem 6.4.
6.3. Solution to the Millennium Problem Related to the NSP
This problem can be formulated as follows:

Assume (only for simplicity of writing) that f = 0, v,(x) # 0 is smooth and rapidly decaying, and that the solution
to (66)-(68) exists for all t > 0. Can such a solution exist?

If such a solution were to exist, then by Theorem 6.5 one would have
vo(x) = 0.

This contradiction (which the author calls the NSP paradox [10]) shows that a nontrivial solution to (66)-(68) may
exist for all t > 0 if and only if vy(x) = 0. In this case, the solution is trivial.

v(x,t) =0.

Our argument does not prevent the existence of a solution corresponding to v,(x) # 0 on a finite time interval
[0,T], with T < e,

Our argument is valid for the problem (66)-(68), which is the Navier-Stokes problem in R?* without boundaries.
7. Conclusion

We prove that the classical solution to the Navier-Stokes problem in the whole R? space with the initial data a
smooth rapidly decaying function not identically equal to zero cannot exist for all t > 0. This provides a solution to
the millennium problem related to the Navier-Stokes equations.

Our Theorem 6.5 (the NSP paradox) shows that the Navier-Stokes system is physically and mathematically
contradictive. Finding its substitution free from contradictive conclusions is necessary.
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