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Blow-up Time Estimate for Nonlinear Wave Equation with Averaged Damping Guidad and Bouhali

1. Introduction and Position of Problem

Let x € R™,n > 3k be a space-independent variable and let t € [0, +) be the times, and for simplicity, we denote
' 1 1 2 . . .
the unknowns u(x,t) =u, u(x,t) =u, u = Z—:‘ and u" = % when there is no confusion. The exponent k will be
specified later. In this article we consider the initial value problem

o (~1)F @) A u v e o U = TP (1.1)
P

where k > 1, q,q > 2,v = 0. Equation (1.1) is an important physical model, especially when it comes with nonlinear
averaged damping. It is a prototype for a non-linear partial differential equation of hyperbolic type in higher-order
spaces equipped with the next initial conditions.

u(x,0) = up(x) € D*(R™), u'(x,0) =u,(x) € L3(R™). (1.2)
Here, we assume that ¢ € C(R, R) satisfies
(PN~ = p0), @(x) > 0. (1.3)
The weighted spaces D*? and L% are introduced in Definition 2.2 and the density function p € C(R™, R) satisfies
p(x) >0, p(x)€EC’RY), n=2k, (1.4)
where 0 < 7 < 1 and p € L*(R™) n L”(R™) with s = . We mention that
|VFu|? = (A*/?u)?, for par value of k,

and

|VFu|? = |[V(A®=D/2y)|2, for odd k,

where

n a 2 n 62
T
ox; L Ox?

i=1
For k¥ = 2, in an open bounded domain, the authors in [16] proposed
u'" + Au+ U u = [P (1.5)

Equation (1.5) is well studied, where the global existence in time is proved and also the blow-up in both negative
and positive initial energy is obtained. Recent results for problems with localized nonlinear damping are proposed
in[1,10, 3].

In R™, the article [8] considered a wave equation with frictional damping and a nonlinear source in Kirchhoff type
as

u' + @(x) ||Vul|? Au + su’ = |u|%u (1.6)

with non-positive initial energy, the authors proved that in finite time (well defined) the solution blows up. The
results are obtained in weighted spaces. The function spaces with density and their properties are defined and used
in [5, 13, 12]. The operator 4%, k > 1 and its properties are found in [9] and used in [14] for a coupled system in an
open bounded domain 2. The blow-up phenomena are well studied in [7, 4, 6, 11]. Our article is structured as
follows. In Section 2, we introduce some useful results related to the weighted spaces, some useful tools, and state
the local existence. Our main result regarding the blow-up of the solution is stated and proved in section 3.
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2. Preliminaries and Basic Knowledge

We introduce certain results for the weighted spaces and different embeddings in the high-order spaces.
Definition 2.1 We say that the functions
u € C([0,T]; D**(R™)) n C*([0,T]; L3 (R™)),

with initial data given in (1.2) are a distributed solution to (1.1) on [0, T], if

f pu’l/)(x)dx+f [f V"u(x,s)V"l,b(x)dx+v||u’(s)||q‘2f u'(x,s)P(x)dx p|ds
R™ 0 L/R™ R™

. (2.1)
= f pu P (x)dx + f f plulP~?u(x, ) (x)dxds,
R™ o JR"
holds for every test function i € D*?(R™), Vvt € [0,T].
Definition 2.2 [13] The function spaces of our problem and its norm are defined as follows:
D?(R™) = {w € L2W/(=20(R™): V*w € [2(R™), n > 3k}, (2.2)
and the space L2(R™) is to be the closure of (5 (R™) functions with respect to the inner product
(w, U)L%)(Rn) = jRnpwvdx.
For q € (1, ), if w is a measurable function on R", we define
1/q
Iwll g gmy = <LnP|WquX> ) (2.3)
and
1/q
Iwllyagem = < | |w|qu) . 2.4
Rn
Then D*?(R™) can be embedded continuously in L2V =29 (R™) j.e. 3k > 0 where
”W”LG/(n—zx)(Rn) < k“W”Drc,z(Rn). (25)
The generalized Poincaré's inequality will be used
|V w|2dx > yf pwidx, w € C° (R™), p € L™*(R™), (2.6)
R™ R™

where y = k=2llpll 4 g
The Hilbert space L5 (R™) is separable and
(w, W)Lf,(R") = ”W”i%(Rn);
consist of all w where
”W”L(‘Z)(Rn) <o, 1<q<+omo,

Let
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p € L™%(R™) n L*(R™),
then the embedding D**(R™) c L3 (R™) is compact and we have
Wz gy < ol sy 17wl 2 eny, ¥w € D22(R™),
where ”p”Ln/x(Rn) =c, > 0.
Lemma 2.3 [ [13], Lemma 3.1] Let p satisfy (1.4), then vw € D*2(R™)

Wil eny < o lluscam 17 Wl 2 gamy,

where

2n
Ss=—,
2Zn—gn+ qk

for all

2<5q<+oo ifn =k, 2k

2<q<

.
— if,n =3k
For the operator (—1)*pA*, we consider for all v € LZ(R™)

(D @(x)A*u(x) = v(x), x € R™,

where
(D) A", W) 2 g =J V“uV*wdx,
p R™

without any boundary condition.

Remark 2.4 The operator ¥4 is self-adjoint, symmetric, and strongly monotone in L2 (R™).

The energy functional associated with the problem (1.1)-(1.2) is defined by

1 2 1 K 2 1 14
E® = 511y + 5 177l = 2l 0=t < tna,

LD (R™)’
and
E(0)=1llulllfz n +1II‘7"uo|IZ—EIIuo|I”p nys
2 PR 7 2 p LY (R™)
satisfy

t
E(t) +f ' ()% on. ds = E0), 0 <t < tmax.
0

LT (R™)

We state the local existence result where its proof is similar to the techniques in [2, 15].

Theorem 2.5 If u, € D*?(R™) and u, € L;(R™) such that

(—D )8y + V][t ]1] % gy tr € L*(R™),
P

Suppose that g > 2, p satisfies

Guidad and Bouhali

(2.7)

(2.9)

(2.10)

2.11)

(2.12)
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2<p<+oo ifn =k, 2k

ko if,n > 3k. (2.13)

2<p<
_p_n—Zk

then there exists t,,, < +oco such that (1.1)-(1.2) admit a unique generalized local solution wu.

3. Finite Time Blow-up

In this section, we prove the blow-up results for the solution of problem (1.1)-(1.2) with the concavity method.

Theorem 3.1 Suppose that g > 2, p satisfies

4k —n
2<p< if,n = 3k. 3.1
sP=—o if,n K (3.1)

Then, for E(0) = —r, r > 0, the weak solution u cannot be extended to a maximal solution in [0, t,,,,) such that
either t,,., = +, that is, the solution of the problem blows up for 0 < t,.x < so, Where s, is given in (3.15). i.e., the
local solution satisfies

lim (llu’ll2 )+||V"u||2j=+oo- (32)
el

Proof 3.2 Let t € [0, t,,,4] @nd the constants t,,,., 7, s > 0 will be specified later. The concavity method is based
on the construction and the properties of the functional

) = [ pluttas 4 ([ I g [ plulidads + (e =0) [ pluold) 47490 33)
RM

Noting here that a(0) > 0. Let

b =(| plul dx+vf W% gy | pluPdzds 7+ )2

t
x ( p|u’|2dx+vf f plu'|%dxds + 1)
R 0 JRn

—(f puu'dx +VJ [|u' ||Lq Z(R")j puu'dxds + r(t + s))% (3.4)
Then
t

a'(t) = Zf puu'dx + 2||u’ ||Lq Z(R")V(J- puu'dxds) + 2r(t + s), (3.5)

o JRn

and
a(t) = 2] puu''dx + 2 pu’zdx + 2|l % f puu'dx | + 2r (3.6)
R™ Ly (R Y R™

where we can choose s large enough to have a’(0) > 0. Let u be the solution of (1.1)-(1.2). By multiplication of (1.1)
by pu and integrating over R™ to get

1d
" Kq,|2 2 = p
f puu dx+f |7u| dx+v||u||Lq 22 my 2dtf plul? dx fRnp|u| dx (3.7)

RM

By (3.6), we have
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a’(t)=-2| |V¥u|*dx + 2f plulPdx+ 2| pu'?dx + 2r (3.8)
R™ R™ R™
In addition, from (3.4) and (3.5), we have

B = (a(®) —v((tmax — 1) an|uo|2dx))

t
1
x(f p|u’|2dx+vf f plu'|%dxds + 1) ——a’(t)?,
R o JRn 4

or
1 ’ 2 2
Za ®)° = (a®) —v((tmax — 1) plugl“dx))
Rn
t
x (| plu'|?dx +vf f plu'|%dxds + 1) — B(b).
R™ 0 JR"
Since
1 t
—a'(t)? < a(t) x (f plu'|*dx +vf plu'|9dxds + 1),
4 R 0 JRn
we have

2
aa"+ (3.9)

) a'(t)? = a(t) (a”(t) -(p+2) (J plu'|?dx + v j j plu'|?dxds + r>>
R™ o Jrn

On the other hand, by (2.12) and (3.6), we have

p+2

a(®)a"(t) — 2 (

t
a”(t)—(p+2)<j plu'|? dx + vJ j pluw' |9 dxds + r)
R™ o JRn

2
> —p(J plu'|?dx + E(0) — E(t) ——j plulPdx + 1) — 2] |V u|?dx
R" pJgn R"

(3.10)
p—4
=—p(E0) +7)+ — |V u|%dx.
R
Taking r = —E(0) > 0. It means with negative initial energy, (3.10) takes the form
t p — 4
a’(t)—(p+2) <f plu|?dx + v J- f plu'|? dx ds — E(O)) > (—) |V u|?dx
R" o JR" 2 R
Then (3.9) becomes
+2 +4
a(®)a’ (t) - (p—> O (p )a(t) 7*u|2dx
This ensures the concavity of the function a. In other words
-p\" +2 ~(p+6) +2
(@) = B2 a@™5 (awa - 2= @ @) <0 31
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We now choose t,,,, such that

e > —r— 2O (3.12)
T (p—-2)a’(0) '
As the graph of any concave function lies below any tangent line of the function, we have
4a(0)7
a 2 4
- (3.13)
‘OG- -a@
S0 3T € (0, tyqy] Such that
. 12 ! rq —
lim (jRnp|u | dx+VIOIRnp \u' | dxds) = oo.
At this stage, we found an upper bound for the finite time blow-up and then (3.2) is proved.
We search now the finite time t,,,,. By (3.12), for t = 0 in (3.3), (3.4), we have
2([on plug |?dx — E(0)s?
) = Ugn Plto | (0)s%) e 514
(@ = 2)(Jgn pUotrdx + —E(0)s) = 2V [p, pluy [9dx
We choose the minimum value of T(s). Since
T'(s) = 2(p — 2)E?(0)s? + 4E(0)S[2V o plus|9dx — (p — 2) [pn puousdx] + 2(p — 2)E(0) fom pluol?dx
(@ = 2)(Jgn PUoU1dx = E(0)S) — 2V [p pluy |9dx '
Then, the minimum value of T(s) in (0, «) can be taken for
So=——— 2vf uq|9dx — —2[ Uy dx)? — —22E0f wo|2dx)z
0= Ey =2 (@Y phulidr = =2) | pugudx)?=(p=2°E0) | pluol*dx) e

+2v [ plultdr - -2 [ pugudn)
R" R"
The proof of Theorem 3.1 is now completed.
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