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Existence of Solutions for the Fisher-Kolmogorov Equation Svetlin G. Georgiev

1. Introduction

In this paper, we investigate the Cauchy problem for the Fisher-Kolmogorov equation

U Duxx+pu(1—%), t>0, x€ R,

(1)

u(0,x) = uy(x), x € R,

where
D, K and p are constants, K # 0, u, € C*(R) and 0 < u, < B on R for some nonnegative constant B.

The equation (1) is an one-dimensional reaction diffusion equation combining linear diffusion with a nonlinear
logistic source term. The Fisher-Kolomogorov equation and its extensions have been used successfully in a wide
range of applications including the study of spatial spreading of invasive species in ecology, in vitro cell biology
experiments, in vivo malignant spreading, applications in combustion theory, in bush fire invasion.

In [6], the initial value problem (IVP) (1) is investigated in the case when u, is monotonic and continuous with
ug(x) = 1forx <aanduy(x) = 0forx > b, —» < a < b < «.In this paper the initial condition is arbitrary nonnegative
bounded function. Thus, the results in this paper can be considered as complimentary results to the results in [6].

In this paper, under the conditions (A1) we will investigate the equation (1) for existence of at least one solution,
at least two nonnegative and at least three nonnegative solutions. For this aim, firstly it is given a new integral
representation of the solutions of the considered problem and then they are constructed two operators so that any
fixed point of their sum is a solution to the considered problem.

The paper is organized as follows. In the next section, we give some auxiliary results. In Section 3 we prove
existence of at least one classical solution for the problem (1). In Section 4, we prove existence of at least two
nonnegative classical solutions. In Section 5, we prove existence of at least two nonnegative classical solutions. In
Section 6, we give an example to illustrate our main results.

2. Preliminary Results

Below, assume that X is a real Banach space. Now, we recall the definition for a completely continuous operator
in a Banach space.

Definition 2.1 Let K: M c X —» X be a map. We say that K is compact if K(M) is contained in a compact subset of
X. K is called a completely continuous map if it is continuous and it maps any bounded set into a relatively compact
set.

The concept for k -set contraction is related to that of the Kuratowski measure of honcompactness which we
recall for completeness.

Definition 2.2. Let 2 be the class of all bounded sets of X. The Kuratowski measure of noncompactness a: 2y —
[0, ) is defined by

a(Y) =inf{§>0:Y=U%, Y and diam(¥) <4, je{l,..,m}}
where diam(Y;) = sup{ Px — yPx:x,y € Y;} is the diameter of Y}, j € {1, ..., m}.
For the main properties of measure of noncompactness we refer the reader to [2].
Definition 2.3. A mapping K: X — X is said to be k -set contraction if there exists a constant k > 0 such that

a(K(Y)) < ka(Y)
for any bounded set Y c X.
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Obviously, if K: X — X is a completely continuous mapping, then K is 0-set contraction(see [4]).

Proposition 2.1. (Leray-Schauder nonlinear alternative [1]) Let C c E be a convex, closed subset in a Banach
space E, 0 € U c C where U is an open set. Let f: U — € be a continuous, compact map. Then

either f has a fixed point in U,

or there exist x € U, and 1 € (0,1) such that x = Af (x).
To prove our existence result we will use the following fixed point theorem. Its proof can be found in [5].
Theorem 2.1. Let E be a Banach space, Y a closed, convex subset of E, 0 € Y,

U={xeY: |lx|| <R},

with R > 0. Consider two operators T and S, where

Tx = &x, xeﬁ,

fore > 1and S:U - E be such that

i. 1-S:U-Y continuous, compact and
ii. {xeUx=AU-Sx |xl=R}=9, forany A€ (Oé).

Then there exists x* € U such that
Tx* + Sx* =x".

Definition 2.4. Let X and Y be real Banach spaces. Amap K: X — Y is called expansive if there exists a constant
h > 1 for which one has the following inequality

lIKx = Kylly = hllx = yllx

forany x,y € X.
Now, we will recall the definition for a cone in a Banach space.
Definition 2.5. A closed, convex set P in X is said to be cone if
1.ax € Pforany @ = 0 and forany x € P,
2.x,—x € Pimplies x = 0.

Denote P* = P\{0}. The next result is a fixed point theorem which we will use to prove existence of at least two
nonnegative global classical solutions of the IVP (1). For its proof, we refer the reader to [3], [8] and [7].

Theorem 2.2. Let P be a cone of a Banach space E; 2 a subset of P and U,, U, and U; three open bounded subsets
of P such that U; c U, c U; and 0 € U;. Assume that T:2 — P is an expansive mapping, S:U; - E is a completely
continuous map and S(U;) c (I — T)(2). Suppose that (U,\U;) N2 # @, (U;\U,) N2 # @, and there exists u, € P*
such that the following conditions hold:

i Sx#={-T)(lx—Auy), forallA>0and x € 9U; N (2 + Auy),
ii.  there exists € = 0 such that Sx # (I —T)(Ax), forallA>1+¢,x € U, and Ax € 0,
iii.  Sx#({—-T)(x—Auy), forallA>0and x € dU; N (2 + Auy).

Then T + S has at least two non-zero fixed points x;,x, € P such that
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x; €U, N 0 and x, € (Us\U,) N 2

or

x; € (U,\Uy) N2 and x, € (U3\U,) N 0.

Svetlin G. Georgiev

The following result will be used to prove the existence of three nonnegative solutions of our problem. For the

proof, we use the same arguments used in [3] and [8].

Theorem 2.3. Let P be a cone of a Banach space E; 2 a subset of P and U,, U, and U, three open bounded subsets
of P such that U, c U, c Us and 0 € U;. Assume that T:2 — E is an expansive mapping, S:U; - E is a completely
continuous one and S(Us) © (I — T)(2). Suppose that (U,\U,) N2 # @, (U;\U,) N 2 # @, and there exist w, € P* and

€ > 0 small enough such that the following conditions hold:
i Sx#({-T)x), forallA=1+¢,x€dU, and Ax € 0,
ii. Sx#{-T)(x—Awy), forallA=0and x € U, n (12 + Awy),
iii. Sx#({-T)(Ax), forall1>1+¢,x €dU; and Ax € Q.
Then T + S has at least three non trivial fixed points x,, x,, x; € P such that

x, EU; N0 and x, € (U,\U;) N2 and x; € (U5\U,) N Q2.
In X = C1(]0, ), C2(R)) we introduce the norm

lull ={ sup |u(t,x)|, sup |u(tx)]
(¢,x)€[0,0)xR (1,x)€[0,0)xR
sup |u (6, x)],  sup |u (6 x)[},
(t,x)€[0,0)xR (¢,x)€[0,20)xR

provided it exists.

3. Existence of at Least One Solution

In this section, we will prove that the problem (1) has at least one solution.
For u € X, define the operator
t
Si@)(t,x) =u(t,x) —ug(x) =D [ (s, x)ds
—p fot u(s,x)( u(sx)) ds, (t,x) €[0,0) X R.
Lemma 3.1. If u € X satisfies the equation

SS)(t,x)=0, (t,x)€[0,0)XR,

then u is a solution to the problem (1).
Proof. By the equation (2), we get

0 = u(t,x) —ug(x) — D fot Uy (5, X)ds

AN u(s,x)( “(S")) ds, (t,x) €[0,00) xR.

We put t = 0 and we find
u(0,x) = uy(x), x€R.
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We differentiate the equation (3) with respect to t and we find
Uy (t, x) — Duy, (t, x) — pu(t, x) (1 — @) =0, (t,x)€[0,00)XR.
Thus, u is a solution to the problem (1). This completes the proof.

Let

B
By = max {2B,[D|B + |p|B (1+ E)}
Lemma 3.2. Suppose (A1). Ifu € X, |lu|| < B, then
[Si ) (t,x)] <B A +t)(A+|x|), (t,x)€][0,0)XR.
Proof. We have
1) (6 0] = [u(t, ) = ue() =D [} Usx(s,x)ds
-p fot u(s, x) (1 - %) ds|

< Ju(t, )] + [uo(Ol + D] [, |tex (s, %)|ds

t »
il fy luts, 0l (1+5E20) ds

< 2B+ |D|Bt + |p|B (1 +|I%)t

< By (1+¢)
< B (1+t)(1+|x]), (tx)€[0,0) xR,
This completes the proof.

In addition, we suppose (A2) there exist a positive constant A and a function g € C([0,x) xR), g >0 on
(0, ) x (R\{0}) with

9(0,x)=g(t,0)=0, (tx)€[0,0)XR,
and
201+ A+ DA+ x[ +x) |, [ g(s.y)dyds| <4, (tx) €[0,00) xR,

In the last section, we will give an example for a function g and a constant A that satisfy (42). For u € X, define
the operator

SWEx)=f; [ t—s)@—-y2gsSiW(s,y)dyds, (tx)€[0,00) X R.
Lemma 3.3. Suppose (A1) and (42). If u € X and |[u||P < B, then

IS;ull < AB;.
Proof. We have

S ED =10, J; (=)@ =2)2g(sy)Sw)(s,y)dyds|
<Uy fy =)@ =229 y)IS1@)(s,y)ldyds|

<BIf, Ji t=9)@=-y*A+)1+|yDg(s y)dyds|
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<SBA+OA+DIf; Jy ¢ —s)(xl +y)2g(s y)dyds|
<2Bt(1+ A+ DS, J; (x? +1yPg(s y)dyds]
S4B, (1+ D21+ [xDIxP| [y [y g(s,y)dyds|
<4B,(1+ 0+ RDA+ K +xD)1 [y [; g(s,)dyds]
< AB,, (t,x)€[0,0) xR,

and

IS e =12, [7 (= 9)E—)g(s,y)S:(w)(s,y)dyds|
<21f; Ji (=9)0xl+1yDg(s IS (s, y)ldyds|
<4Bx|lf; J; (t=5)A+5)(1+|yDg(s,y)dyds]
<4B,(1+Dtlx[(1+[xDIf; [T g(s,y)dyds]|
< 4B (1+ A+ DA+ x|+ 2D [T [ g(s,y)dyds|
< AB,, (t,x)€[0,00)XR,

and

Zs@En| =120 [ ¢ -99()5 @ (sy)dyds|
<21fy [ (t=9)9(sy)IS1)(s,y)ldyds|
<2Bif, [7 (t=)A+)(A+IyDg(s y)dyds]
<2B,(1+ A+ IxDIf, J;  (t—5)g(s,y)dyds]|
<2Bit(+ O+ xDIf, J;  g(sy)dyds]
< 4B (1+ 2L+ XD+ x| + 2D [, [ g(s,y)dyds]|
< AB;, (t,x)€[0,0) XR,

and

S0 =10 Ji -2 )S (s y)dyds|
<Ify, JY @=y29(sy)ISi@) (s y)ldyds|
<BIf, JY =¥+ +IyDg(s y)dyds|
<BA+0A+DIf; fi (xl+1yD?g(s,y)dyds]
S2B,(A+ 0@ +IDIf,  Jy (x? + 1y g(s y)dyds|

<4B,(1+ 2@+ xDIxPf, [T g(s.y)dyds]|
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S4B (1+ 0 A+ DA+ X+ 21 f; [y g(s,y)dyds]|
< AB;, (t,x)€[0,00) XR,
whereupon we get the desired result. This completes the proof.
Lemma 3.4. Suppose (A1) and (42). If u € X satisfies the equation

S,(w)(t,x)=C, (tx)€][0,0)XR, 4)

for some constant C, then u is a solution to the problem (1).
Proof. We differentiate with respect to t and x the equation (4) and we find

9t xS Wt x) =0, (tx)€[0,0)XR,

whereupon
S (w)(t,x) =0, (0,00) x (R\{O0}).
Now, using that S;u(-,-)is a continuous function on [0, «) x R, we find
0=1lim S, (u)(z, x)
t—0
= 51(w)(0,x)

=i S, )(1.)

=S5 (w)(t0), (t,x)€][0,0)XR.
Hence, we conclude that u is a solution to the problem (1). This completes the proof.
Our main result in this section is as follows.
Theorem 3.1. Suppose (A1) and (42). Then the equation (1) has at least one solution in X.

Proof. Let Y denote the set of all equi-continuous families in X with respect to the norm P - P. Let also,
Y={ue ?:u(t, x) = %Ilull, (t,x) € [0,00) X R},
Y = ¥ be the closure of 7,
U={ueY:|ull <B}
For u € U and ¢ > 1, define the operators
Tu(t,x) = eu(t, x),
Su(t,x) = u(t,x) — eu(t,x) — eS,(w)(t,x), (t,x)€[0,0)XR.
For u € U, we have
NI = Sull < ellull + lIS Il
< eB + €AB,.

Thus, S:U - X is continuous and (I — S)(U) resides in a compact subset of Y. Now, suppose that thereisau € U
so that PuP = B and

u=AI-Su
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or

u = Ae(u+S,(w)), )]
for some 1 € (Oé) Then, using that S, (1) (0,x) = 0, x € [0, ), and |lu|| = B, we get u(0,x) = g, x € [0, ), and

u(0,x) = Ae(u(0,x) — S, (w)(0,x)) = Aeu(0,x), x € [0, ),
whereupon Ae = 1, which is a contradiction. Consequently
fuelU:u=1,(I—-Su, PuP=B}=0

forany A, € (0%) Then, from Theorem 2.1, it follows that the operator T + S has a fixed point u* € Y. Therefore

u*(t,x) =Tu (¢, x) + Su™(t, x)

=eu'(t,x) +u (t,x) —eu(t,x) — S, (W)(t, x), (t,x)€
[0,0) X R,

whereupon

S,(w)(t,x) =0, (t,x)€[0,0)XR.

From here, u* is a solution to the problem (1). From here and from Lemma 3.4, it follows that u is a solution to
the equation (1). This completes the proof.

4. Existence of at Least Two Solutions
Let X be the space used in the previous section and r, L and R, be positive constants such that
(A3)r <L <R,.
Our main result in this section is as follows.

Theorem 4.1 Suppose that (41), (A2) and (43) hold. Then the equation (1) has at least two nonnegative solutions
inX.

Proof. Let
P={ueX:u=0 on [0,0) xR}
With P we will denote the set of all equi-continuous families in P. For v € X, define the operators

Tiv(t, x) = (1 + me)v(t, x),
Ssv(t, x) = —&S,(v)(t,x) — mev(t,x) — €ABy,

(t,x) € [0,0) x R. Note that any fixed point v € X of the operator T; + S; is a solution to the equation (1). Define

0=r,
Uy =P =[eP:|vl <}

U2:PL={UEP.”U”<L},
Us = Pg, = {v € P:||v]| <Ry}
1. For vy, v, € 2, we have

ITyvy — Thvall = (1 + me)|lvy — vyl
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whereupon T;: 2 — X is an expansive operator with a constant h = 1+ me > 1.
2. For v € Pg, we get

ISsvll < ellS; (W)l + mel[vl| + eAB;
< £(24B; + mR,).

Therefore S;(Pg,) is uniformly bounded. Since S;: P, — X is continuous, we have that S;(Pg,) is equi-continuous.
Consequently S: ﬁRl — X is a 0-set contraction.

3. Let v, € Pg,. Set

1 1
vV, =V + ;Sz(vl) + EABl.

We have v, = 0 on [0, ®) X R. Therefore v, € 2 and

—emv, = —emv; — &S,(v,) — €4AB;
or
(I —T)v, = —emv,
= S3U1.

Consequently S;(Pg,) © (I — T)(Q).

4. Assume that for any v, € P* there exist A = 0 and v € 9. N (2 + Av,) Or v € AP, N (2 + Av,) such that
5317 = (1 - Tl)(v - Avo).

Then

—&|S,(v)| — eAB; — mev = —me(v — 1v,)
or
_|SZ(U)| - ABl = Amvo.
This is a contradiction.

34B;

5.Letg = — Suppose that there exist a v; € 9P, and 4; = 1 + ¢; such that
S3vy = (I — T) (A1 v1). (6)
Moreover,
—£|S,(v)| — eAB; — mev, = —A mevy,
or
|52(U1)| + ABl + mv1 = /11m171.
From here,
AymL = Aym|vy ||
< ISzl + m||lv, || + AB,
< 24B; + mL
and
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2AB;
mL

+12=4,
which is a contradiction.

Therefore all conditions of Theorem 2.2 hold. Hence, the problem (1) has at least two solutions u, and u, so that

llusll = L < lluzll <Ry
or
r < |lyll <L < |luzll < Ry.

5. Existence of at Least Three Solutions

Our main result for existence of at least three solutions of the problem (1) is as follows.

Theorem 5.1 Under the hypotheses (A1), (42) and (43), the problem (1) has at least three nonnegative solutions
Uq, Uy, Uz € X.

Proof.
1. Letn = 3:51. Assume that thereare 1, =1+ 1n,u € dU; and A,u € 2 so that
S3(w) = (I — T (Aw).
Then
—¢|S,(w)| — €AB; — meu = —medju
or
|S,(w)| + AB; + mu = A;mu.
Hence,
AmL = 4ym|ull
< [IS2@)l + mlfull + ABy
< 24B; + ml,
whereupon
L<1+28
mL

which is a contradiction. Thus, the condition (i) of Theorem 2.3 holds.
2. Now, assume that thereare 1, > 1+n,u € dU; and A,u € 2 so that

Ss(w) = (I — T)({uw).

As above,
AymRy = Aymllull
< ISl + mllull + AB,
< 24B; + mR,,
whereupon
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2AB 2AB
L<14+—3
mRq mL

L<1+
which is a contradiction. Hence, the condition (iii) of Theorem 2.3 holds.
3. Assume that for any u, € P* there exist ; = 0 and u € dP, n (12 + A u,) such that

Ss(w) = (I — Ty)(u — A1uo).
Then

—&|S,(w)| — eAB; — meu = —me(u — A,uy)

or

—=1S;(W)| — AB; = Aymu,,.

This is a contradiction. Form here, the condition (ii) of Theorem 2.3 holds.
Now, by Theorem 2.3, it follows that the problem (1) has at least three classical solutions u,, u, and u; such that

u, €0U; N2 and u, € (U,\U;) N2 and u; € (U)\U,) N 2,

or
u, €U; NN and u, € (U,\U;) N2 and uz € (U;)\U,) N 2.
6. An Example

Below, we will illustrate our main results. Take

h(s) = log %, I(s) = arctan%, SE R, s#=1.
Then
h'(s) = (1—511\3;\4{?;::((11;;1212\)/7+322)'
U(s) =00 se R s# 4L
Therefore

—00 < lim (1+s+5°)h(s) < oo,

s—>Fo0

—00 < [im (1+s+5)I(s) <.

s—Fo0

Hence, there exists a positive constant D, so that

11 22 11
(L + s+ Is] +57) T ) < b,

1
—log——————+ ——arctan
44+/2 9 1-s11y24522 + 222 1-s22

s € R. Note that j;, 7(s)=" and by [9] (pp. 707, Integral 79), we have

s+l 2
J- dz _ 1 10g1+2\6+22+ 1 arctanz
1+z* a2 T1-zV2+2% 242 1-z%"
Let
_ 510
Q(S)—W, S ER,
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and

9:1(t,x) = Q()Q(x), (t,x)€[0,00) xR
Then there exists a constant D; > 0 such that

A+ 0@+ DA+ +xD)|f;  J5 a@y)dedy| <D,
(t,x) € [0,0) X R. Let
g(t,x) = D% g1(6,%), (t,x) € [0,00) X R,
Then
A+2A+ DA+ +xD) [y [ 9@ y)dedy| <4,
(t,x) € [0,0) X R, i.e., (A2) holds. Let

R,=10, L=5 r=4 m=10% B=p=K=1, D=2

and
A=—, e=-
10B; 8
Then B, =4, A= ﬁand
r <L <Ry,
i.e., (43) holds.
Let
uo(x) = Toe2’ x € R.

Therefore for the problem
U =2Uy +u(l—u), t>0, x€ R,

1
1+x2’

u(0,x) =

are fulfilled all conditions of Theorem 3.1, Theorem 4.1 and Theorem 5.1.
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