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ABSTRACT 

In this paper, we study a Majda Biello Type system with weak damping terms 

and (𝑢0, 𝑣0) ∈ L
𝜎(R) × L𝜎(R).  

{
𝑢𝑡 + 𝑢𝑥𝑥𝑥 + 𝛽1𝑢𝑢𝑥 + 𝛽2𝑢𝑣𝑥 + 𝛽3𝑢𝑥𝑣 + 𝛽4𝑣𝑣𝑥 = 0,
𝑣𝑡 + 𝛼𝑣𝑥𝑥𝑥 + 𝛽5𝑢𝑢𝑥 + 𝛽6𝑢𝑣𝑥 + 𝛽7𝑢𝑥𝑣 + 𝛽8𝑣𝑣𝑥 = 0.

 

The system involves two functions, d1(𝑥) and d2(𝑥), which serve as damping 

coefficients. We first establish local well-posedness by applying the fixed point 

theorem in Fourier restriction spaces Y𝜎,𝜅(R
2) × Y𝜎,𝜅

𝛼 (R2). Subsequently, using 

an approximate conservation law, we extend the local well-posedness result 

to a global one, demonstrating that the radius of analyticity of the solutions 

remains uniformly bounded below by a fixed positive constant for all time.  

[2010] Mathematics Subject Classification: 35L70,35L05, 35B35. 
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1. Introduction 

In recent years, periodic KdV systems have been actively studied both quantitatively and qualitatively. The 

significance of the present research lies primarily in KdV systems of the Majda Biello type. A comprehensive study 

of solutions in spaces of analytic functions facilitates applications in various scientific fields. 

We consider the Majda Biello system, given by  

 {

𝑢𝑡 + 𝑢𝑥𝑥𝑥 + 𝑣𝑣𝑥 = 0
𝑣𝑡 + 𝛼𝑣𝑥𝑥𝑥 + (𝑢𝑣)𝑥 = 0

(𝑢, 𝑣)|𝑡=0 = (𝑢0, 𝑣0),
 (𝑥, 𝑡) ∈ T𝜆 × R  or  R × R, (1.1) 

where 𝑇𝜆 = [0,2𝜋𝜆) with 𝜆 ≥ 1,0 < 𝛼 ≤ 1, and 𝑢 and 𝑣 are real-valued functions. 

In [9], Oh studied the local well-posedness of the Majda Biello system in Sobolev spaces 𝐻𝑠(𝑅), in both periodic 

and non-periodic settings. Elmansouri et al. [10] improved this result in the periodic case by establishing local well-

posedness in analytic Gevrey spaces 𝐺𝜎,𝛿,𝑠(𝑇𝛾) and analyzing the regularity of the solutions.  

 G𝜎,𝛿,𝑠(T𝛾) = {𝑔 ∈ 𝐿
2(T𝛾); ‖𝑔‖G𝜎,𝛿,𝑠(T𝛾)

2 = ∑ 𝑒2𝛿|𝑘|
1/𝜎

𝑘∈Z ⟨𝑘⟩2𝑠|F𝑥𝑔(𝑘)|
2𝑑𝜉 < ∞} 

This work focuses on the Cauchy problem for a Majda—Biello-type system with a damping term 𝑑𝑖(𝑥), 𝑖 = 1,2  

 {

𝑢𝑡 + 𝑢𝑥𝑥𝑥 + 𝛽1𝑢𝑢𝑥 + 𝛽2𝑢𝑣𝑥 + 𝛽3𝑢𝑥𝑣 + 𝛽4𝑣𝑣𝑥 + d1(𝑥)𝑢 = 0,

𝑣𝑡 + 𝛼𝑣𝑥𝑥𝑥 + 𝛽5𝑢𝑢𝑥 + 𝛽6𝑢𝑣𝑥 + 𝛽7𝑢𝑥𝑣 + 𝛽8𝑣𝑣𝑥 + d2(𝑥)𝑣 = 0,   0 < 𝛼 < 1,

(𝑢, 𝑣)|𝑡=0 = (𝑢0, 𝑣0).
 (1.2) 

The author in [6] proved that the initial value problem (1.2) is locally and globally well-posed in analytic Gevrey 

spaces 𝐺𝜎(𝑅) × 𝐺𝜎(𝑅).  

 G𝜎(R) = {𝑔 ∈ 𝐿2(R); ‖𝑔‖G𝜎(R)
2 = ∫ 𝑒𝑥𝑝( 2𝜎

R
|𝜌|)|F𝑥𝑔(𝜌)|

2𝑑𝜌 < ∞,  𝜎 ≥ 0}. (1.3) 

In this paper, we follow the approach of the authors in [2, 4, 8, 11] and choose the most suitable analytic function 

space for our system, defined by  

 L𝜎(R) = {𝑔 ∈ 𝐿2(R); ‖𝑔‖L𝜎(R)
2 = ∫ (𝑐𝑜𝑠ℎ(

R
𝜎|𝜌|))2|F𝑥(𝑔(𝜌))|

2𝑑𝜌 < ∞,  𝜎 ≥ 0}. (1.4) 

Since  

 𝑒𝑥𝑝( 𝜎|𝜌|) ~ 𝑐𝑜𝑠ℎ( 𝜎|𝜌|), 

we have  

 ‖⋅‖L𝜎(R)
2  ~ ‖⋅‖G𝜎(R)

2 . 

For 𝜎 = 0, we have 𝐿0(𝑅) reduced 𝐿2(𝑅). We state the embedding properties of analytic spaces with 0 < 𝜎 ′ < 𝜎,  

 L𝜎(R) ⊂ L𝜎
′
(R), (1.5) 

i.e. 

 ‖𝑓‖
L𝜎

′  ≲𝜎,𝜎′ ‖𝑓‖L𝜎 . 

We need to impose some assumptions on the damping coefficient 𝑑𝑖(𝑥), 𝑖 = 1,2.  

• Damping effect i.e. there exists 𝑇 > 0 so that  

 d𝑖(𝑥) ≥ 𝑇 > 0,  forall  𝑥 ∈ R. 

• Analyticity i.e. there exist constants 𝑀1, 𝑀2 > 0 so that  

 ‖∂𝑥
𝑗
d𝑖(𝑥)‖𝐿∞(R) ≤ 𝑀1𝑀2

𝑗
(𝑗!),  forall  𝑗 ∈ N. 
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Notation: First, we introduce some notations and function spaces used in this paper. We use 𝐴 ≲𝑐1,𝑐2,... 𝐵 to 

denote 𝐴 ≤ 𝐶𝐵 with some constant 𝐶 depending on 𝑐1, 𝑐2, . ... If 𝐶 is an absolute constant, we shall write 𝐴 ≲ 𝐵.  

If both 𝐴 ≲𝑐1,𝑐2,... 𝐵 and 𝐵 ≲𝑐1,𝑐2,... 𝐴 hold, then we write 𝐴~𝑐1,𝑐2,...𝐵. 

We introduce the following operators: 

 

Δ1 =
1

2
∂𝑥[(𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑢)

2 − 𝑐𝑜𝑠ℎ( 𝜎|Λ|)(𝑢2)]                               

Δ2 =
1

2
∂𝑥[(𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑣)

2 − 𝑐𝑜𝑠ℎ( 𝜎|Λ|)(𝑣2)]                               

Θ1 = [(𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑢) ∂𝑥(𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑣) − 𝑐𝑜𝑠ℎ( 𝜎|Λ|)(𝑢 ∂𝑥𝑣)]

Θ2 = [(𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑣) ∂𝑥(𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑢) − 𝑐𝑜𝑠ℎ( 𝜎|Λ|)(𝑣 ∂𝑥𝑢)]

Γ1 = [d1 𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑢 − 𝑐𝑜𝑠ℎ( 𝜎|Λ|)(d1𝑢)]                                    

Γ2 = [d2 𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑣 − 𝑐𝑜𝑠ℎ( 𝜎|Λ|)(d2𝑣)],                                   

 

where 𝛬 = −𝑖𝜕𝑥 is a Fourier multiplier with symbol |𝜌|. 

The spatial Fourier transform is denoted by  

 F𝑥(𝑔) = 𝑔̂(𝜌) = ∫ 𝑒𝑥𝑝( − 𝑖𝑥𝜌)𝑔(𝑥) 𝑑𝑥
R

, 

and  

 F𝑥,𝑡(𝑢) = 𝑢̃(𝜌, 𝜏) = ∫ 𝑒𝑥𝑝( − 𝑖(𝑥𝜌 + 𝑡𝜏))
R2

𝑢(𝑥, 𝑡) 𝑑𝑥𝑑𝑡, 

is the space-time Fourier transform. 

Now, we shall give an elementary space which will be used in the present paper. 

Fourier restriction spaces: The hybrid space between the analytic space and a space of the Fourier restriction 

is considered for 𝜅 ∈ 𝑅 and 𝜎 > 0 where 𝑌𝜎,𝜅(𝑅
2) is a Banach space such that  

 ‖𝑢‖Y𝜎,𝜅(R2)
2 = ∫ (𝑐𝑜𝑠ℎ( 𝜎|𝜌|))2

R2
(1 + |𝜏 − 𝜌3|)2𝜅|F𝑥,𝑡(𝑢(𝜌, 𝜏))|

2𝑑𝜌𝑑𝜏, 

 ‖𝑣‖Y𝜎,𝜅𝛼 (R2)
2 = ∫ (𝑐𝑜𝑠ℎ( 𝜎|𝜌|))2

R2
(1 + |𝜏 − 𝛼𝜌3|)2𝜅|F𝑥,𝑡(𝑣(𝜌, 𝜏))|

2𝑑𝜌𝑑𝜏. 

Also, for 𝛿 > 0, 𝑌𝜎,𝜅
𝑇 (𝑅2) represents the restricted analytic space given by  

 ‖𝑢‖Y𝜎,𝜅𝛿 (R2) = 𝑖𝑛𝑓 {‖𝑈‖Y𝜎,𝜅(R2): 𝑈 = 𝑢 𝑜𝑛 (0, 𝛿) × R}, (1.6) 

and Y𝜎,𝜅
𝛼,𝛿(R2)  

 ‖𝑣‖
Y𝜎,𝜅
𝛼,𝛿(R2)

= 𝑖𝑛𝑓 {‖𝑉‖Y𝜎,𝜅𝛼 (R2): 𝑉 = 𝑣 𝑜𝑛 (0, 𝛿) × R}. (1.7) 

We are now ready to derive certain estimates in the Banach spaces 𝐴𝜎(𝑅), 𝜎 > 0, where 

 ‖𝑔‖A𝜎(R) = ∑ (𝑖 + 1)
1

4
𝜎𝑖

𝑖!𝑖≥0 ‖∂𝑥
𝑖 𝑔‖

𝐿∞(R)
. 

Finally, we define the spaces  

 𝕐𝛼
𝜎,𝜅(ℝ2) = Y𝛼

𝜎,𝜅(R2) × Y𝜎,𝜅(R2), 

  𝕃𝜎(R) = L𝜎(R) × L𝜎(R), 

 𝕃2(R) = 𝐿2(R) × 𝐿2(R) 
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 𝕃∞(ℝ) = 𝐿∞(R) × 𝐿∞(R) and 𝔸𝜎(ℝ) = A𝜎(R) × A𝜎(R), 

with norms  

 ‖(𝑢, 𝑣)‖𝕐𝛼
𝜎,𝜅 = 𝑚𝑎𝑥{ ‖𝑢‖Y𝜎,𝜅 , ‖𝑣‖Y𝛼

𝜎,𝜅}, 

 ‖(𝑢0, 𝑣0)‖𝕃𝜎 = 𝑚𝑎𝑥{ ‖𝑢0‖L𝜎 , ‖𝑣0‖L𝜎}, 

 ‖(Γ1, Γ2)‖𝕃2 = 𝑚𝑎𝑥{ ‖Γ1‖𝐿2 , ‖Γ2‖𝐿2}, 

 ‖(d1, d2)‖𝕃∞ = 𝑚𝑎𝑥{ ‖d1‖𝐿∞, ‖d2‖𝐿∞}. 

and  

 ‖(d1, d2)‖𝔸𝜎 = 𝑚𝑎𝑥{ ‖d1‖A𝜎, ‖d2‖A𝜎}. 

We will show that 𝑌𝛼
𝜎,𝜅(𝑅2) is continuously embedded in  

 𝐶([0, 𝛿], L𝜎(R)) × 𝐶([0, 𝛿], L𝜎(R)),  𝜅 >
1

2
. 

Lemma 1.1 Let 𝜅 >
1

2
 and 𝜎 > 0, Then,  

 ∀(𝑢, 𝑣) ∈ 𝕐𝛼
𝜎,𝜅(ℝ2), 

we have  

|(𝑢, 𝑣)|𝛿,𝛼 =  sup
𝑡∈[0,𝛿]

‖(𝑢(. , 𝑡), 𝑢(. , 𝑡))‖
𝕃𝜎(𝑅)

≲𝜅 ‖(𝑢, 𝑣)‖𝕐𝛼𝜎,𝜅(ℝ2), 

2. Linear Estimates 

Owing to Duhamel’s formula, the solution of (1.2) can be written as 

 {

𝑢(𝑥, 𝑡) = 𝑊(𝑡)𝑢0(𝑥) + ∫ 𝑊(𝑡 − 𝑟)
𝑡

0
(d1𝑢 + 𝑁1))(𝑥, 𝑟)𝑑𝑟

𝑣(𝑥, 𝑡) = 𝑊𝛼(𝑡)𝑣0(𝑥) + ∫ 𝑊𝛼(𝑡 − 𝑟)
𝑡

0
(d2𝑣 + 𝑁2))(𝑥, 𝑟)𝑑𝑟.

 

where  

 𝑁1 = 𝛽1𝑢𝑢𝑥 + 𝛽2𝑢𝑣𝑥 + 𝛽3𝑢𝑥𝑣 + 𝛽4𝑣𝑣𝑥 ,  𝑁2 = 𝛽5𝑢𝑢𝑥 + 𝛽6𝑢𝑣𝑥 + 𝛽7𝑢𝑥𝑣 + 𝛽8𝑣𝑣𝑥 . 

Here 𝑊(𝑡) and 𝑊𝛼(𝑡) denote respectively the solution groups associated with the homogeneous linear problems:  

 {
∂𝑡𝑢 + ∂𝑥

3𝑢 = 0
𝑢(𝑥, 0) = 𝑢0(𝑥),

 

and 

 {
∂𝑡𝑣 + 𝛼 ∂𝑥

3𝑣 = 0
𝑣(𝑥, 0) = 𝑣0(𝑥),

 

where  

 𝑊(𝑡) = F𝑥
−1𝑒−𝑖𝑡𝜌

3
F𝑥,   and  𝑊𝛼(𝑡) = F𝑥

−1𝑒−𝑖𝑡𝛼𝜌
3
F𝑥. 

So we define two operators (𝛷,𝛹), such that:  

 (Φ(𝑢),Ψ(𝑣)) = (𝑊(𝑡)𝑢0(𝑥) + ∫ 𝑊
𝑡

0
(𝑡 − 𝑟)(d1𝑢 + 𝑁𝑖)(𝑥, 𝑟)𝑑𝑟, 

 𝑊𝛼(𝑡)𝑣0(𝑥) + ∫ 𝑊𝛼
𝑡

0
(𝑡 − 𝑟)(d2𝑣 + 𝑁𝑖))(𝑥, 𝑟)𝑑𝑟). 

By using a cut-off function 𝜓 ∈ 𝐶0
∞(𝑅), with 𝜓 = 1 in [−

1

2
,
1

2
] , supp𝜓 ⊂ [−1,1] and 𝜓𝛿(𝑡) = 𝜓(

𝑡

𝛿
), we may localize it 

in time. Define the operator (𝛷1(𝑢), 𝛹1(𝑣)) given by  
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(Φ(𝑢),Ψ(𝑣)) = (𝜓1𝑊(𝑡)𝑢0(𝑥) + ∫ 𝑊
𝑡

0

(𝑡 − 𝑟)(d1𝑢 + 𝜓1𝑁1)(𝑥, 𝑟)𝑑𝑟,𝜓1𝑊𝛼(𝑡)𝑣0(𝑥) + 𝜓1∫ 𝑊𝛼

𝑡

0

(𝑡 − 𝑟)(d2𝑣 + 𝜓1𝑁2)(𝑥, 𝑟)𝑑𝑟). 

(2.1) 

defined for system (1.2). We are going to solve (𝛷(𝑢), 𝛹(𝑣)) = (𝑢, 𝑣). 

Lemma 2.1. ([7]) Let 𝜎 > 0 and 
1

2
< 𝜅 < 1, we have  

 ‖𝜓1(𝑡)𝑊(𝑡)𝑢0(𝑥)‖Y𝜎,𝜅(R2) ≲𝜓1   ‖𝑢0(𝑥)‖L𝜎(R), 

 ‖𝜓1(𝑡)𝑊(𝑡)𝑣0(𝑥)‖Y𝛼
𝜎,𝜅

(R2) ≲𝜓1   ‖𝑣0(𝑥)‖L𝜎(R). 

 ‖𝜓1(𝑡) ∫ 𝑊
𝑡

0
(𝑡 − 𝑟)𝑁1(𝑥, 𝑟)𝑑𝑟‖

Y𝜎,𝜅(R2)
≲𝜓1 ‖𝑁1(𝑥, 𝑡)‖Y𝜎,𝜅−1(R2), 

 ‖𝜓1(𝑡) ∫ 𝑊𝛼
𝑡

0
(𝑡 − 𝑟)𝑁2(𝑥, 𝑟)𝑑𝑟‖

Y𝛼
𝜎,𝜅

(R2)
≲𝜓1 ‖𝑁2(𝑥, 𝑡)‖Y𝛼

𝜎,𝜅−1(R2). 

If 
1

2
< 𝜅 ≤ 𝜅′ < 1, then ∀𝛿 > 0, we have  

 ‖𝜓𝛿(𝑡)𝑁1(𝑥, 𝑡)‖Y𝜎,𝜅−1(R2) ≲𝜅,𝜅′ 𝛿
𝜅′−𝜅‖𝑁1(𝑥, 𝑡)‖Y𝜎,𝜅′−1(R2), (2.2) 

 ‖𝜓𝛿(𝑡)𝑁2(𝑥, 𝑡)‖Y𝛼
𝜎,𝜅−1(R2) ≲𝜅,𝜅′ 𝛿

𝜅′−𝜅‖𝑁2(𝑥, 𝑡)‖Y𝛼
𝜎,𝜅′−1(R2)

. (2.3) 

Lemma 2.2. ([8]) If −
1

2
< 𝜅 <

1

2
, then for 𝐼 ⊂ [0, 𝛿]  

 ‖ϰ𝐼𝑢‖Y𝜎,𝜅 ≲𝜅 ‖𝑢‖Y𝛿
𝜎,𝜅 , 

 ‖ϰ𝐼𝑣‖Y𝛼
𝜎,𝜅 ≲𝜅 ‖𝑣‖Y𝛼,𝛿

𝜎,𝜅 , 

where ù𝐼 is the characteristic function in 𝐼.  

Lemma 2.3. ([11]) For any 𝜎 > 0 we have  

 ‖ϰ[0,𝛿](𝑡)𝑒
−2𝑇(𝛿−𝑡)𝑢‖

Y𝛿
𝜎,1−𝜅 ≲ ‖𝑢‖Y𝛿

𝜎,𝜅 , 

 ‖ϰ[0,𝛿](𝑡)𝑒
−2𝑇(𝛿−𝑡)𝑣‖

Y𝛼,𝛿
𝜎,1−𝜅 ≲ ‖𝑣‖Y𝛼,𝛿

𝜎,𝜅 . (2.4) 

Lemma 2.4. ([11]) For any 𝜎 > 0, d1, d2 ∈ A
𝜎(R), 𝑢, 𝑣 ∈ L𝜎(R) we have  

 ‖d1(𝑥)𝑢‖L𝜎 ≲ ‖d1(𝑥)‖A𝜎‖𝑢‖L𝜎 , 

 ‖d2(𝑥)𝑣‖L𝜎 ≲ ‖d2(𝑥)‖A𝜎‖𝑣‖L𝜎 . 

For 0 < 𝛿 ≤ 1, 𝜅′ ≤ 0,  𝜅 ≥ 0 we have  

 ‖d1(𝑥)𝑢‖
Y𝛿
𝜎,𝜅′ ≲ ‖d1(𝑥)‖A𝜎(R)‖𝑢‖Y𝛿

𝜎,𝜅 , 

 ‖d2(𝑥)𝑣‖
Y𝛼,𝛿
𝜎,𝜅′ ≲ ‖d2(𝑥)‖A𝜎(R)‖𝑣‖Y𝛿

𝜎,𝜅 . 

3. Bilinear Estimate 

We state the desired bilinear estimate in the next lemma. 

Lemma 3.1. (Bilinear estimate) Let 𝜎 > 0 and 𝜅 >
1

2
 . Then  

 ‖𝑢 ∂𝑥𝑢‖Y𝜎,𝜅−1 ≲𝜅 ‖𝑢‖Y𝜎,𝜅
2 , (3.1) 

 ‖𝑣 ∂𝑥𝑣‖Y𝜎,𝜅−1 ≲𝜅 ‖𝑣‖Y𝛼
𝜎,𝜅
2 , (3.2) 

 ‖𝑢 ∂𝑥𝑢‖Y𝛼
𝜎,𝜅−1 ≲𝜅 ‖𝑢‖Y𝜎,𝜅

2 , (3.3) 

 ‖𝑣 ∂𝑥𝑣‖Y𝛼
𝜎,𝜅−1 ≲𝜅 ‖𝑣‖Y𝛼

𝜎,𝜅
2 , (3.4) 
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 ‖𝑢 ∂𝑥𝑣‖Y𝜎,𝜅−1 ≲𝜅 ‖𝑢‖Y𝜎,𝜅‖𝑣‖Y𝛼
𝜎,𝜅 , (3.5) 

 ‖𝑣 ∂𝑥𝑢‖Y𝜎,𝜅−1 ≲𝜅 ‖𝑢‖Y𝜎,𝜅‖𝑣‖Y𝛼
𝜎,𝜅 , (3.6) 

 ‖𝑢 ∂𝑥𝑣‖Y𝛼
𝜎,𝜅−1 ≲𝜅 ‖𝑢‖Y𝜎,𝜅‖𝑣‖Y𝛼

𝜎,𝜅 , (3.7) 

 ‖𝑣 ∂𝑥𝑢‖Y𝛼
𝜎,𝜅−1 ≲𝜅 ‖𝑢‖Y𝜎,𝜅‖𝑣‖Y𝛼

𝜎,𝜅 . (3.8) 

Proof. Let 𝜌 = 𝜌1 + 𝜌2, we have |𝜌| ≤ |𝜌1| + |𝜌2| by the triangle inequality. As a consequence, we then have 

 𝑐𝑜𝑠ℎ( 𝜎|𝜌|)(𝑠𝑒𝑐ℎ(𝜎|𝜌1|)𝑠𝑒𝑐ℎ(𝜎|𝜌2|)) = 2
(𝑒𝜎|𝜌|+𝑒−𝜎|𝜌|)

(𝑒𝜎|𝜌1|+𝑒−𝜎|𝜌1|)(𝑒𝜎|𝜌2|+𝑒−𝜎|𝜌2|)
≤ 4, 

such that  

 
(𝑒𝜎|𝜌|+𝑒−𝜎|𝜌|)

(𝑒𝜎|𝜌1|+𝑒−𝜎|𝜌1|)(𝑒𝜎|𝜌2|+𝑒−𝜎|𝜌2|)
≤ 2. 

Setting  
 (𝑈, 𝑉) = (𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑢, 𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑣), 

where (𝑢, 𝑣) is the solution of (1.2). Then,  

 (𝑢, 𝑣) = (𝑠𝑒𝑐ℎ(𝜎|Λ|)𝑈, 𝑠𝑒𝑐ℎ(𝜎|Λ|)𝑉). 

We start by proving the inequality (3.2).  

 

‖∂𝑥𝑣
2‖Y𝜎,𝜅−1 = ‖𝑐𝑜𝑠ℎ( 𝜎|Λ|)[∂𝑥(𝑠𝑒𝑐ℎ(𝜎|Λ|)𝑉)

2]‖Y𝜅−1                                            

= ‖𝜌⟨𝜏 − 𝜌3⟩𝜅−1 𝑐𝑜𝑠ℎ( 𝜎|𝜌|)F𝑥,𝑡[(sech(𝜎|Λ|) 𝑉)
2]‖

𝐿𝜏
2𝐿𝜌
2                  

≲ ‖
|𝜌|

⟨𝜏−𝜌3⟩1−𝜅
∫ |𝑉

~

(𝜌1, 𝜏1)𝜌=𝜌1+𝜌2 ,𝜏=𝜏1+𝜏2
||𝑉
~

(𝜌2, 𝜏2)|𝑑𝜌1𝑑𝜏1‖
𝐿𝜏
2𝐿𝜌
2
,

≲ ‖⟨𝜏 − 𝜌3⟩𝜅−1|𝜌|F𝑥,𝑡(𝑤
2)‖

𝐿𝜏
2𝐿𝜌
2 ,  where 𝑤 = F𝑥,𝑡

−1 (|𝑉
~

|),         

~‖|Λ|(𝑤2)‖Y𝜅−1                                                                                       

≲𝜅 ‖𝑤‖Y𝛼𝜅
2 ,   by Proposition 5.3 in [9]                                         

~‖𝑉‖Y𝛼𝜅
2  ~ ‖𝑣‖Y𝛼

𝜎,𝜅
2 .                                                                                    

 

Now, proving the inequality (3.7). 

 

‖𝑢 ∂𝑥𝑣‖Y𝛼
𝜎,𝜅−1 = ‖𝑐𝑜𝑠ℎ( 𝜎|Λ|)[(𝑠𝑒𝑐ℎ(𝜎|Λ|)𝑈) ∂𝑥(𝑠𝑒𝑐ℎ(𝜎|Λ|)𝑉)]‖Y𝛼𝜅−1                                             

≲ ‖𝜌⟨𝜏 − 𝛼𝜌3⟩𝜅−1 𝑐𝑜𝑠ℎ( 𝜎|𝜌|)F𝑥,𝑡[(sech(𝜎|Λ|)𝑈)(sech(𝜎|Λ|) 𝑉)]‖𝐿𝜏2𝐿𝜌2
              

≲ ‖
|𝜌|

⟨𝜏−𝛼𝜌3⟩1−𝜅
∫
𝜌=𝜌1+𝜌2,𝜏=𝜏1+𝜏2

|𝑈
~

(𝜌1, 𝜏1)| |𝑉
~

(𝜌2, 𝜏2)| 𝑑𝜌1𝑑𝜏1‖
𝐿𝜏
2𝐿𝜌
2
,                    

≲ ‖⟨𝜏 − 𝛼𝜌3⟩𝜅−1|𝜌|F𝑥,𝑡(𝑘𝑤)‖𝐿𝜏2𝐿𝜌2
,   where 𝑘 = F𝑥,𝑡

−1 (|𝑈
~

|) , 𝑤 = F𝑥,𝑡
−1 (|𝑉

~

|)

~‖|Λ|(𝑘𝑤)‖Y𝛼𝜅−1                                                                                                                     

≲𝜅 ‖𝑘‖Y𝜅‖𝑤‖Y𝛼𝜅 ,   by Proposition 5.3 in 24                                                           

~‖𝑈‖Y𝜅‖𝑉‖Y𝛼𝜅  ~ ‖𝑢‖Y𝜎,𝜅‖𝑣‖Y𝛼
𝜎,𝜅.                                                                                         
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Lemma 3.2. (Energy-bilinear) Given 𝜅 =
1

2
+ 𝜀. We have ∀𝛿 > 0,  𝑢 ∈ Y𝜎,𝜅(R

2) 

 ‖ϰ[0,𝛿](⋅)Δ1‖Y𝜅−1
≲ 𝜎2‖𝑢‖Y𝜎,𝜅

2 , (3.9) 

 ‖ϰ[0,𝛿](⋅)Δ2‖Y𝜅−1
≲ 𝜎2‖𝑣‖

Y𝛼
𝜎,𝜅
2 , (3.10) 

 ‖ϰ[0,𝛿](⋅)Δ1‖Y𝛼𝜅−1
≲ 𝜎2‖𝑢‖Y𝜎,𝜅

2 , (3.11) 

 ‖ϰ[0,𝛿](⋅)Δ2‖Y𝛼𝜅−1
≲ 𝜎2‖𝑣‖Y𝛼

𝜎,𝜅
2 , (3.12) 

 ‖ϰ[0,𝛿](⋅)Θ1‖Y𝜅−1
≲ 𝜎2‖𝑢‖Y𝜎,𝜅‖𝑣‖Y𝛼

𝜎,𝜅 , (3.13) 

 ‖ϰ[0,𝛿](⋅)Θ2‖Y𝜅−1
≲ 𝜎2‖𝑢‖Y𝜎,𝜅‖𝑣‖Y𝛼

𝜎,𝜅 , (3.14) 

 ‖ϰ[0,𝛿](⋅)Θ1‖Y𝛼𝜅−1
≲ 𝜎2‖𝑢‖Y𝜎,𝜅‖𝑣‖Y𝛼

𝜎,𝜅 , (3.15) 

 ‖ϰ[0,𝛿](⋅)Θ2‖Y𝛼𝜅−1
≲ 𝜎2‖𝑢‖Y𝜎,𝜅‖𝑣‖Y𝛼

𝜎,𝜅 , (3.16) 

Proof. By symmetry, we may assume that  

 |𝜌1| ≥ |𝜌2| ≥ ⋯ ≥ |𝜌𝑝|. 

By Lemma [4] ,  

 
|1 − 𝑐𝑜𝑠ℎ( 𝜎|𝜌|)∏ 𝑠𝑒𝑐ℎ

𝑝
𝑗=1 (𝜎|𝜌𝑗|)| ≤ 2𝑝 ∑ |𝜎𝜌𝑗|

𝑝
𝑗≠𝑘=1 |𝜎𝜌𝑘|

≤ 𝑝22𝑝𝜎2|𝜌1||𝜌2|.         
 (3.17) 

We will prove (3.10) and (3.13), the rest is similar. Taking the Fourier transform, we have  

 F𝑥(Δ2)(𝜌) =
1

2
∫ |𝜌|
𝜌=𝜌1+𝜌2

[1 − 𝑐𝑜𝑠ℎ( 𝜎|𝜌|)∏ 𝑠𝑒𝑐ℎ2
𝑗=1 (𝜎|𝜌𝑗|)]∏ 𝑉𝜎̂2

𝑗=1 (𝜌𝑗)𝑑𝜌1𝑑𝜌2, 

and  

 F𝑥(Θ1)(𝜌) = ∫ [1 − 𝑐𝑜𝑠ℎ( 𝜎|𝜌|)∏ 𝑠𝑒𝑐ℎ2
𝑗=1 (𝜎|𝜌𝑗|)]𝜌=𝜌1+𝜌2

𝑈𝜎̂(𝜌1)|𝜌|𝑉
𝜎̂(𝜌2)𝑑𝜌1𝑑𝜌2. 

Now set  

 𝜙1
𝜎 = F𝑥

−1(|𝑈𝜎̂|), 

and  

 𝜙2
𝜎 = F𝑥

−1(|𝑉𝜎̂|). 

Then applying (3.17)  

 

|F𝑥(Δ1)(𝜌)| ≤ 16𝜎2 ∫
𝜌=𝜌1+𝜌2

|𝜌1||𝜌2||𝑉
𝜎̂(𝜌1)||𝑉

𝜎̂(𝜌2)|𝑑𝜌1𝑑𝜌2  

= 16𝜎2 ∫
𝜌=𝜌1+𝜌2

|𝜌1||𝜌2|𝜙2
𝜎̂(𝜌1)| |𝜙2

𝜎̂(𝜌2)𝑑𝜌1𝑑𝜌2

= 16𝜎2F𝑥((|Λ|𝜙2
𝜎)2)(𝜌),                                                    

 

and 

 

|F𝑥(Θ1)(𝜌)| ≤ 16𝜎2 ∫
𝜌=𝜌1+𝜌2

|𝜌1||𝜌2||𝑈
𝜎̂(𝜌1)||𝑉

𝜎̂(𝜌2)|𝑑𝜌1𝑑𝜌2  

= 16𝜎2 ∫
𝜌=𝜌1+𝜌2

|𝜌1||𝜌2|𝜙1
𝜎̂(𝜌1)| |𝜙2

𝜎̂(𝜌2)𝑑𝜌1𝑑𝜌2

= 16𝜎2F𝑥((|Λ|𝜙1
𝜎|Λ|𝜙2

𝜎))(𝜌).                                           

 

Thanks to the Plancherel, Hölder and Sobolev embedding, we get 

 

|ϰ[0,𝛿](⋅)Δ1| ≲ 𝜎2‖(|Λ|𝜙2
𝜎)2‖Y𝜅−1

≲ 𝜎2‖𝜙2
𝜎‖Y𝛼𝜅

2                

~ 𝜎2‖𝑉𝜎‖Y𝛼𝜅
2 ,              
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and 

 

|ϰ[0,𝛿](⋅)Θ1| ≲ 𝜎2‖(|Λ|𝜙1
𝜎|Λ|𝜙2

𝜎)‖Y𝛼𝜅−1

≲ 𝜎2‖𝜙2
𝜎‖Y𝛼𝜅‖𝜙1

𝜎‖Y𝜅                

~ 𝜎2‖𝑉𝜎‖Y𝛼𝜅‖𝑈
𝜎‖Y𝜅 .         

 

Lemma 3.3. [11] Let d1, d2 ∈ A
𝜎0 where 𝜎0 > 0. Then we have ∀0 < 𝜎 ≤ 𝜎0  

 ‖Γ1‖𝐿2 ≤ 2
𝜎

𝜎0
‖d1‖A𝜎0‖𝑢‖L𝜎 + 2‖d1‖𝐿∞‖𝑢‖𝐿2 , 

 ‖Γ2‖𝐿2 ≤ 2
𝜎

𝜎0
‖d2‖A𝜎0‖𝑢‖L𝜎 + 2‖d2‖𝐿∞‖𝑢‖𝐿2. 

4. Local Well Posedness 

We begin with our first main result: a local well-posedness theorem. We denote 𝐵 = 𝑚𝑎𝑥{ 𝛽𝑖 , 𝑖 = 1, . . ,8}. 

Theorem 4.1. Let 𝜎 > 0 and (𝑢0, 𝑣0) ∈ L
𝜎. Then there exists 𝜅 >

1

2
 and 𝛿 > 0 depending only on 𝜎, 𝑠 and 𝑢0, 𝑣0, 

where (1.2) is locally well-posed in  

 𝐶([0, 𝛿], L𝜎(R)) × 𝐶([0, 𝛿], L𝜎(R)). 

In addition, the solution (𝑢, 𝑣) satisfy 

 ‖(𝑢(𝑡), 𝑣(𝑡))‖𝕃𝜎 ≤ 𝑐‖(𝑢, 𝑣)‖𝕐𝛼
𝜎,𝜅 ≤ 2𝐶‖(𝑢0, 𝑣0)‖𝕃𝜎 ,  𝑡 ∈ [0, 𝛿]. 

Proof. Let 𝐵(0, 𝑟) be a closed ball given by  

 B(0, 𝑟) = {(𝑢, 𝑣) ∈ ‖(𝑢, 𝑣)‖𝕐𝛼
𝜎,𝜅 ≤ 𝑟} here𝑟 = 2𝐶‖(𝑢0, 𝑣0)‖𝕃𝜎 . 

It will be shown that the map  

 (Φ(𝑢),Ψ(𝑣)): B(0, 𝑟) → B(0, 𝑟), 

is a contraction. By using Lemma 2.1, Lemma 2.4 and Lemma 3.1, we get  

 ‖(Φ1(𝑢), Ψ1(𝑣))‖𝕐𝛼
𝜎,𝜅 ≲ 𝑟, 

and  

 ‖(Φ(𝑢) − Φ(𝑢∗), Ψ(𝑣) − Ψ(𝑣∗))‖𝕐𝛼
𝜎,𝜅 ≲

1

2
‖(𝑢 − 𝑢∗), (𝑣 − 𝑣∗)‖𝕐𝛼

𝜎,𝜅 , 

where  

 𝛿:
1

(1+‖(d1,d2)‖𝔸𝜎+4‖(𝑢0,𝑣0)‖𝕃𝜎)
1

𝜅′−𝜅

. 

5. Lower Bound of Analytic Radius 

In our second main result, for a system of modified KdV equations with damping, the analytic radius has a fixed 

positive lower bound uniformly for all time.  

Theorem 5.1. We suppose that the damping term assumptions (A1) and (A2) hold and (𝑢0, 𝑣0) belongs to 𝕃𝜎0 , for 

some 𝜎0 > 0. Then, system (1.2) has a unique global solution (𝑢(𝑡), 𝑣(𝑡)) belongs to 𝕃𝜎(𝑡), where  

 𝜎(𝑡) ≥ 𝜎̃0,  ∀𝑡 ≥ 0, 

with 𝜎̃0 > 0, depends only on ‖(𝑢0, 𝑣0)‖𝕃𝜎0 , 𝜎0, d1 and  d2. Furthermore  

 ‖(𝑢(𝑡), 𝑣(𝑡))‖𝕃𝜎̃0 ≤ 𝐶𝑒
−𝜆𝑡

2 ,  ∀𝑡 ≥ 0, 

and 𝐶 > 0 depends only on ‖(𝑢0, 𝑣0)‖𝕃𝜎0 , d1 and  d2.  
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In this subsection, we derive global bounds for the local solution obtained in Theorem 4.1. Following the strategy 

in [4, 8, 11], the argument proceeds in two steps: 

5.1. Almost Conservation Law 

Recalling that  

 
𝑑

𝑑𝑡
∫ 𝑢2𝑑𝑥
R

+ 2∫ d1R
(𝑥)𝑢2𝑑𝑥 = 0,  ∀𝑡 ≥ 0, (5.1) 

 
𝑑

𝑑𝑡
∫ 𝑣2𝑑𝑥
R

+ 2∫ d2R
(𝑥)𝑣2𝑑𝑥 = 0,  ∀𝑡 ≥ 0. (5.2) 

If 𝑑𝑖(𝑥) ≥ 𝑇 > 0, 𝑖 = 1,2 on 𝑅, so by the Gronwall’s inequality, we find by (5.1) and(5.2 ) that  

 ‖(𝑢(𝑡), 𝑣(𝑡))‖𝕃2
2 ≤ 𝑒−2𝑇𝑡‖(𝑢0, 𝑣0)‖𝕃2

2 ,  ∀𝑡 ≥ 0. (5.3) 

The main goal here is to establish an energy growth bound in the analytic function spaces 𝐿𝜎. The statement of 

the result is as follows. 

Theorem 5.2. Assume that (d1, d2) ∈ 𝔸
𝜎0 with some 𝜎0 > 0 and d1(𝑥), d2(𝑥) ≥ 𝑇 > 0 for all 𝑥 ∈ R. Let 0 < 𝜎 < 𝜎0 

and (𝑢0, 𝑣0) ∈ 𝕃
𝜎 , and let (𝑢, 𝑣) be the solution on [0, 𝛿] obtained in Theorem 4.1. Then there exist constants 

𝐶1, 𝐶2, 𝐶3 > 0 depending only on 𝑇 and 𝜎0 so that 

‖(𝑢(𝛿), 𝑣(𝛿))‖𝕃𝜎
2 ≲ 𝑒−2𝑇𝛿‖(𝑢0, 𝑣0)‖𝕃𝜎

2 + 𝐶1𝜎
2‖(𝑢0, 𝑣0)‖𝕃𝜎

3  

+𝐶2𝜎‖(d1, d2)‖𝔸𝜎0‖(𝑢0, 𝑣0)‖𝕃𝜎
2 + 𝐶3‖(d1, d2)‖𝕃∞‖(𝑢0, 𝑣0)‖𝕃2(ℝ)‖(𝑢0, 𝑣0)‖𝕃𝜎 . 

Proof. By (1.2), it is not hard to see  

{
 
 
 

 
 
 
∂𝑡(𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑢) + ∂𝑥

3(𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑢) + 𝛽1 𝑐𝑜𝑠ℎ( 𝜎|Λ|)(𝑢 ∂𝑥𝑢) + 𝛽2 𝑐𝑜𝑠ℎ( 𝜎|Λ|)(𝑢 ∂𝑥𝑣) + 𝛽3 𝑐𝑜𝑠ℎ( 𝜎|Λ|)(𝑣 ∂𝑥𝑢)

+𝛽4 𝑐𝑜𝑠ℎ( 𝜎|Λ|)(𝑣 ∂𝑥𝑣) + 𝑐𝑜𝑠ℎ( 𝜎|Λ|)(d1(𝑥)𝑢) = 0,                                                                                                                     

∂𝑡(𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑣) + 𝛼 ∂𝑥
3(𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑣) + 𝛽5 𝑐𝑜𝑠ℎ( 𝜎|Λ|)(𝑢 ∂𝑥𝑢) + 𝛽6 𝑐𝑜𝑠ℎ( 𝜎|Λ|)(𝑢 ∂𝑥𝑣) + 𝛽8 𝑐𝑜𝑠ℎ( 𝜎|Λ|)(𝑣 ∂𝑥𝑢)

+𝛽8 𝑐𝑜𝑠ℎ( 𝜎|Λ|)(𝑣 ∂𝑥𝑣) + 𝑐𝑜𝑠ℎ( 𝜎|Λ|)(d2(𝑥)𝑣) = 0,                                                                                                                     

 

which is equivalent to 

 

{
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
∂𝑡(𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑢) + ∂𝑥

3(𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑢) + 𝛽1(𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑢 ∂𝑥 𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑢) + 𝛽2(𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑢 ∂𝑥 𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑣)

+𝛽3(𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑣 ∂𝑥 𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑢) + 𝛽4(𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑣 ∂𝑥 𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑣) + (d1(𝑥) 𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑢)                              

= 𝛽1(𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑢 ∂𝑥 𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑢) + 𝛽2(𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑢 ∂𝑥 𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑣) + 𝛽3(𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑣 ∂𝑥 𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑢)    

+𝛽4(𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑣 ∂𝑥 𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑣) + (d1(𝑥) 𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑢) − 𝛽1 𝑐𝑜𝑠ℎ( 𝜎|Λ|)(𝑢 ∂𝑥𝑢) − 𝛽2 𝑐𝑜𝑠ℎ( 𝜎|Λ|)(𝑢 ∂𝑥𝑣)   

−𝛽3 𝑐𝑜𝑠ℎ( 𝜎|Λ|)(𝑣 ∂𝑥𝑢) − 𝛽4 𝑐𝑜𝑠ℎ( 𝜎|Λ|)(𝑣 ∂𝑥𝑣) − 𝑐𝑜𝑠ℎ( 𝜎|Λ|)(d1(𝑥)𝑢),                                                                         

∂𝑡(𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑣) + 𝛼 ∂𝑥
3(𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑣) + 𝛽5(𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑢 ∂𝑥 𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑢) + 𝛽6(𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑢 ∂𝑥 𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑣)

+𝛽7(𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑣 ∂𝑥 𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑢) + 𝛽8(𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑣 ∂𝑥 𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑣) + (d2(𝑥) 𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑢)                              

= 𝛽5(𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑢 ∂𝑥 𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑢) + 𝛽6(𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑢 ∂𝑥 𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑣) + 𝛽7(𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑣 ∂𝑥 𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑢)       

+𝛽8(𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑣 ∂𝑥 𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑣) + (d2(𝑥) 𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑢) − 𝛽5 𝑐𝑜𝑠ℎ( 𝜎|Λ|)(𝑢 ∂𝑥𝑢) − 𝛽6 𝑐𝑜𝑠ℎ( 𝜎|Λ|)(𝑢 ∂𝑥𝑣)      

−𝛽7 𝑐𝑜𝑠ℎ( 𝜎|Λ|)(𝑣 ∂𝑥𝑢) − 𝛽8 𝑐𝑜𝑠ℎ( 𝜎|Λ|)(𝑣 ∂𝑥𝑣) − 𝑐𝑜𝑠ℎ( 𝜎|Λ|)(d2(𝑥)𝑢),                                                                           

 

We use Δ1, Δ2, Θ1, Θ2, Γ1 and Γ2, we obtain 
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{
 
 
 
 
 

 
 
 
 
 
∂𝑡(𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑢) + ∂𝑥

3(𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑢) + 𝛽1(𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑢 ∂𝑥 𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑢) + 𝛽2(𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑢 ∂𝑥 𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑣)

+𝛽3(𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑣 ∂𝑥 𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑢) + 𝛽4(𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑣 ∂𝑥 𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑣) + (d1(𝑥) 𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑢)                             

= 𝛽1Δ1 + 𝛽2Θ1 + 𝛽3Θ2 + 𝛽4Δ2 + Γ1                                                                                                                                                  

∂𝑡(𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑣) + 𝛼 ∂𝑥
3(𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑣) + 𝛽5(𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑢 ∂𝑥 𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑢) + 𝛽6(𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑢 ∂𝑥 𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑣)

+𝛽7(𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑣 ∂𝑥 𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑢) + 𝛽8(𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑣 ∂𝑥 𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑣) + (d2(𝑥) 𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑢)                              

= 𝛽5Δ1 + 𝛽6Θ1 + 𝛽7Θ2 + 𝛽8Δ2 + Γ2                                                                                                                                                 

 (5.4) 

Multiplying (5.4)1 by 𝑐𝑜𝑠ℎ( 𝜎|𝛬|)𝑢 and (5.4)2 by 𝑐𝑜𝑠ℎ( 𝜎|𝛬|)𝑣 and integrating in space and by assuming that 

𝑐𝑜𝑠ℎ( 𝜎|𝛬|)𝑢 and 𝑐𝑜𝑠ℎ( 𝜎|𝛬|)𝑣 decay to zero when |𝑥| → ∞, and the same applies to all spatial derivatives. Then, (5.4) 

becomes  

 

1

2

𝑑

𝑑𝑡
∫ (𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑢)2
R

𝑑𝑥 +
1

2

𝑑

𝑑𝑡
∫ (𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑣)2𝑑𝑥
R

+ ∫ d1R
(𝑥)(𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑢)2𝑑𝑥 + ∫ d2R

(𝑥)(𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑣)2𝑑𝑥

= 𝛽1 ∫ (𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑢)Δ1R
𝑑𝑥 + 𝛽4 ∫ (𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑢)Δ2𝑑𝑥R

+ 𝛽2 ∫ (𝑐𝑜𝑠ℎ(R
𝜎|Λ|)𝑢)Θ1𝑑𝑥 + 𝛽3 ∫ (𝑐𝑜𝑠ℎ(R

𝜎|Λ|)𝑢)Θ2𝑑𝑥  

+ ∫ (𝑐𝑜𝑠ℎ(
R

𝜎|Λ|)𝑢)Γ1𝑑𝑥 + 𝛽5 ∫ (𝑐𝑜𝑠ℎ(R
𝜎|Λ|)𝑣)Δ1𝑑𝑥 + 𝛽8 ∫ (𝑐𝑜𝑠ℎ(R

𝜎|Λ|)𝑣)Δ2𝑑𝑥 + 𝛽6 ∫ (𝑐𝑜𝑠ℎ(R
𝜎|Λ|)𝑣)Θ1𝑑𝑥         

+𝛽7 ∫ (𝑐𝑜𝑠ℎ(R
𝜎|Λ|)𝑣)Θ2𝑑𝑥 + ∫ (𝑐𝑜𝑠ℎ(R

𝜎|Λ|)𝑣)Γ2𝑑𝑥                                                                                                                   

 

Since d1(𝑥), d2(𝑥) ≥ 𝑇 > 0, ∀𝑥 ∈ R we have  

 

1

2

𝑑

𝑑𝑡
∫ (𝑐𝑜𝑠ℎ(
R

𝜎|Λ|)𝑢)2𝑑𝑥 +
1

2

𝑑

𝑑𝑡
∫ (𝑐𝑜𝑠ℎ(
R

𝜎|Λ|)𝑣)2𝑑𝑥 + 𝑇 ∫ (𝑐𝑜𝑠ℎ(
R

𝜎|Λ|)𝑢)2𝑑𝑥 + 𝑇 ∫ (𝑐𝑜𝑠ℎ(
R

𝜎|Λ|)𝑣)2𝑑𝑥

≲B ∫ (𝑐𝑜𝑠ℎ(R
𝜎|Λ|)𝑢)Δ1𝑑𝑥 + ∫ (𝑐𝑜𝑠ℎ(R

𝜎|Λ|)𝑢)Δ2𝑑𝑥 + ∫ (𝑐𝑜𝑠ℎ(R
𝜎|Λ|)𝑢)Θ1𝑑𝑥 + ∫ (𝑐𝑜𝑠ℎ(R

𝜎|Λ|)𝑢)Θ2𝑑𝑥  

+ ∫ (𝑐𝑜𝑠ℎ(
R

𝜎|Λ|)𝑢)Γ1𝑑𝑥 + ∫ (𝑐𝑜𝑠ℎ(R
𝜎|Λ|)𝑣)Δ1𝑑𝑥 + ∫ (𝑐𝑜𝑠ℎ(R

𝜎|Λ|)𝑣)Δ2𝑑𝑥 + ∫ (𝑐𝑜𝑠ℎ(R
𝜎|Λ|)𝑣)Θ1𝑑𝑥      

+ ∫ (𝑐𝑜𝑠ℎ(
R

𝜎|Λ|)𝑣)Θ2𝑑𝑥 + ∫ (𝑐𝑜𝑠ℎ(R
𝜎|Λ|)𝑣)Γ2𝑑𝑥                                                                                                    

 

Applying Gronwall’s lemma, we have 

‖𝑢(𝛿), 𝑣(𝛿)‖𝕃𝜎
2 ≲B 𝑒

−2𝑇𝛿‖(𝑢(0), 𝑣(0))‖𝕃𝜎
2  

 +2| ∫ ϰ[0,𝛿]ℝ2
(𝑡)𝑒−2𝑇(𝛿−𝜏)(𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑢)Δ1 𝑑𝑥𝑑𝜏| 

 +2| ∫ ϰ[0,𝛿]ℝ2
(𝑡)𝑒−2𝑇(𝛿−𝜏)(𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑢)Δ2 𝑑𝑥𝑑𝜏| 

 +2| ∫ ϰ[0,𝛿]ℝ2
(𝑡)𝑒−2𝑇(𝛿−𝜏)(𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑣)Δ1 𝑑𝑥𝑑𝜏| 

 +2| ∫ ϰ[0,𝛿]ℝ2
(𝑡)𝑒−2𝑇(𝛿−𝜏)(𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑣)Δ2 𝑑𝑥𝑑𝜏| 

 +2| ∫ ϰ[0,𝛿]ℝ2
(𝑡)𝑒−2𝑇(𝛿−𝜏)(𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑢)Θ1 𝑑𝑥𝑑𝜏| 

 +2| ∫ ϰ[0,𝛿]ℝ2
(𝑡)𝑒−2𝑇(𝛿−𝜏)(𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑢)Θ2 𝑑𝑥𝑑𝜏| 

 +2| ∫ ϰ[0,𝛿]ℝ2
(𝑡)𝑒−2𝑇(𝛿−𝜏)(𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑣)Θ1 𝑑𝑥𝑑𝜏| 

 +2| ∫ ϰ[0,𝛿]ℝ2
(𝑡)𝑒−2𝑇(𝛿−𝜏)(𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑣)Θ2 𝑑𝑥𝑑𝜏| 

 +2| ∫ ∫ ϰ[0,𝛿]ℝ

𝑇

0
(𝑡)𝑒−2𝑇(𝛿−𝜏)(𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑢)Γ1 𝑑𝑥𝑑𝜏| 

 +2| ∫ ∫ ϰ[0,𝛿]ℝ

𝑇

0
(𝑡)𝑒−2𝑇(𝛿−𝜏)(𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑣)Γ2 𝑑𝑥𝑑𝜏| 

 ≤ 𝑒−2𝑇𝛿‖(𝑢(0), 𝑣(0))‖𝕃𝜎
2 + I1 + I2 + I3 + I4 + I5 

 +I6 + I7 + I8 + I9 + I10.                                                   
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Estimate 𝑰𝟏: Since (𝑐𝑜𝑠ℎ( 𝜎|𝛬|)𝑢), (𝑐𝑜𝑠ℎ( 𝜎|𝛬|)𝑣), are real-valued, it follows from Plancherel’s identity and Cauchy-

Schwarz inequality that 

 I1 = 2| ∫ (ϰ[0,𝛿]R2
(⋅)𝑒−2𝑇(𝛿−𝜏)(𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑢))(𝜌, 𝜏)(ϰ[0,𝛿](⋅)Δ1)(𝜌, 𝜏)𝑑𝜌𝑑𝜏| 

      = 2| ∫ (ϰ[0,𝛿]R2
(⋅)𝑒−2𝑇(𝛿−𝜏)

̂
(𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑢))(𝜌, 𝜏)(ϰ[0,𝛿]̂(⋅)Δ1)(𝜌, 𝜏)𝑑𝜌𝑑𝜏| 

 ≤ 2‖ϰ[0,𝛿](⋅)𝑒
−2𝑇(𝛿−𝜏)(𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑢)‖

Y1−𝜅
‖ϰ[0,𝛿](⋅)Δ1‖Y𝜅−1 .                  

Estimate 𝑰𝟐: We have 

 I2 ≤ 2‖ϰ[0,𝛿](⋅)𝑒
−2𝑇(𝛿−𝜏)(𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑢)‖

Y1−𝜅
‖ϰ[0,𝛿](⋅)Δ2‖Y𝜅−1

,  (5.5) 

Estimate 𝑰𝟑: We have 

 I3 ≤ 2‖ϰ[0,𝛿](⋅)𝑒
−2𝑇(𝛿−𝜏)(𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑣)‖

Y𝛼
1−𝜅‖ϰ[0,𝛿](⋅)Δ1‖Y𝛼𝜅−1

,  (5.6) 

Estimate 𝑰𝟒: We have  

 I4 ≤ 2‖ϰ[0,𝛿](⋅)𝑒
−2𝑇(𝛿−𝜏)(𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑣)‖

Y𝛼
1−𝜅‖ϰ[0,𝛿](⋅)Δ2‖Y𝛼𝜅−1

,  (5.7) 

Estimate 𝑰𝟓: We have 

 I5 ≤ 2‖ϰ[0,𝛿](⋅)𝑒
−2𝑇(𝛿−𝜏)(𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑢)‖

Y1−𝜅
‖ϰ[0,𝛿](⋅)Θ1‖Y𝜅−1

,  (5.8) 

Estimate 𝑰𝟔: We have 

 I6 ≤ 2‖ϰ[0,𝛿](⋅)𝑒
−2𝑇(𝛿−𝜏)(𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑢)‖

Y1−𝜅
‖ϰ[0,𝛿](⋅)Θ2‖Y𝜅−1

,  (5.9) 

Estimate 𝑰𝟕: We have 

 I7 ≤ 2‖ϰ[0,𝛿](⋅)𝑒
−2𝑇(𝛿−𝜏)(𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑣)‖

Y𝛼
1−𝜅‖ϰ[0,𝛿](⋅)Θ1‖Y𝛼𝜅−1

,  (5.10) 

Estimate 𝑰𝟖: We have  

 I8 ≤ 2‖ϰ[0,𝛿](⋅)𝑒
−2𝑇(𝛿−𝜏)(𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑣)‖

Y𝛼
1−𝜅‖ϰ[0,𝛿](⋅)Θ2‖Y𝛼𝜅−1

,  (5.11) 

we have both −
1

2
< 𝜅 − 1 <

1

2
 and 

1

2
< 1 − 𝜅 <

1

2
. Therefore, one can use Lemma 2.3, Lemma 2.2 to obtain  

 

‖ϰ[0,𝛿](⋅)𝑒
−2𝑇(𝛿−𝜏)(𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑢)‖

Y1−𝜅
= ‖ϰ[0,𝛿](⋅)𝑒

−2𝑇(𝛿−𝜏)𝑢‖
Y𝜎,1−𝜅

≲ ‖(𝑢, 𝑣)‖𝕐𝛼
𝜎,1−𝜅 ,

 

 

‖ϰ[0,𝛿](⋅)𝑒
−2𝑇(𝛿−𝜏)(𝑐𝑜𝑠ℎ( 𝜎|Λ|)𝑣)‖

Y1−𝜅
= ‖ϰ[0,𝛿](⋅)𝑒

−2𝑇(𝛿−𝜏)𝑣‖
Y𝛼
𝜎,1−𝜅

≲ ‖(𝑢, 𝑣)‖𝕐𝛼
𝜎,1−𝜅 .

 

Then , we can conclude by Lemma 3.2 and the fact that 1 − 𝜅 < 𝜅  

 ∑ I𝑖
8
𝑖=1 ≲ 𝜎2‖(𝑢, 𝑣)‖𝕐𝛼

𝜎,𝜅
3 ≲ 𝜎2‖(𝑢0, 𝑣0)‖𝕃𝜎

3 . 

Estimate 𝑰𝟗 and 𝑰𝟏𝟎: By using Lemma 3.3, Lemma 2.3 and Lemma 2.4 we get  

 ∑ I𝑖
10
𝑖=9 ≤ 𝐶2𝜎‖(d1, d2)‖𝔸𝜎0‖(𝑢0, 𝑣0)‖𝕃𝜎

2 + 𝐶3‖(d1, d2)‖𝕃∞‖(𝑢0, 𝑣0)‖𝕃2(ℝ)‖(𝑢0, 𝑣0)‖𝕃𝜎 .  

5.2. Proof of Theorem 5.1 

By assumption (𝐴2), we get  
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 ‖d1‖A𝜎(R) < ∑ (𝑘 + 1)
1

4𝑘≥0
𝜎𝑘

𝑘!
‖∂𝑥

𝑘𝑢‖𝐿∞(R) ≤ ∑ (𝑘 +𝑘≥0 1)
1

4𝜎𝑘𝑀1𝑀2
𝑘 < ∞,  for all 0 < 𝜎 < 𝑀2

−1. 

and  

 ‖d2‖A𝜎(R) < ∑ (𝑘 +𝑘≥0 1)
1

4
𝜎𝑘

𝑘!
‖∂𝑥

𝑘𝑣‖𝐿∞(R) ≤ ∑ (𝑘 +𝑘≥0 1)
1

4𝜎𝑘𝑀1𝑀2
𝑘 < ∞,  for all 0 < 𝜎 < 𝑀2

−1. 

Let (𝑢0, 𝑣0) ∈ 𝕃
𝜎0(ℝ) where 𝜎0 < 𝑀2

−1. Thus, we may prove that  

 (d1(𝑥), d2(𝑥)) ∈ 𝔸
𝜎0(ℝ). 

By Theorem 4.1, it exists a unique solution  

 (𝑢, 𝑣) ∈ 𝐶([0, 𝛿], L𝜎(R)) × 𝐶([0, 𝛿], L𝜎(R)), 

of (1.2) where  

 𝛿~
1

(1+‖(d1,d2)‖𝔸𝜎+4‖(𝑢0,𝑣0)‖𝕃𝜎)
1

𝜅′−𝜅

. 

and by Theorem 5.2, we have  

 ‖(𝑢(𝛿), 𝑣(𝛿))‖𝕃𝜎
2 ≲ 𝑒−2𝑇𝛿‖(𝑢0, 𝑣0)‖𝕃𝜎

2 + 𝐶1𝜎
2‖(𝑢0, 𝑣0)‖𝕃𝜎

3  

 +𝐶2𝜎‖(d1, d2)‖𝔸𝜎0‖(𝑢0, 𝑣0)‖𝕃𝜎
2 + 𝐶3‖(d1, d2)‖𝕃∞‖(𝑢0, 𝑣0)‖𝕃2(R)‖(𝑢0, 𝑣0)‖𝕃𝜎 . 

Now, using the inequality  

 𝐶3‖(d1, d2)‖𝕃∞‖(𝑢0, 𝑣0)‖𝕃2(R)‖(𝑢0, 𝑣0)‖𝕃𝜎 ≤
1−𝑒−2𝑇𝛿

2
‖(𝑢0, 𝑣0)‖𝕃𝜎

2 + 𝐶4‖(𝑢0, 𝑣0)‖𝕃2(ℝ)
2 , 

with 𝐶4 = (1 − 𝑒−2𝑇𝛿)
−1
(𝐶3‖(d1, d2)‖L∞)

2, we deduce that  

 ‖(𝑢(𝛿), 𝑣(𝛿))‖𝕃𝜎
2 ≤

1+𝑒−2𝑇𝛿

2
‖(𝑢0, 𝑣0)‖𝕃𝜎

2 + 𝐶1𝜎
2‖(𝑢0, 𝑣0)‖𝕃𝜎

3  

 +𝐶2𝜎‖(d1, d2)‖𝔸𝜎0‖(𝑢0, 𝑣0)‖𝕃𝜎
2 +

1−𝑒−2𝑇𝛿

2
‖(𝑢0, 𝑣0)‖𝕃𝜎

2 + 𝐶4‖(𝑢0, 𝑣0)‖𝕃2(ℝ)
2 . 

Now, we choose  

 𝜎 = 𝜎̃0 = 𝑚𝑖𝑛{ 𝜎0,
1−𝑒−2𝑇𝛿

4𝐶2‖(d1,d2)‖𝔸𝜎0
, (

1−𝑒−2𝑇𝛿

4𝐶1‖(𝑢0,𝑣0)‖𝕃𝜎
2 )

1

2}. 

So  

 𝐶1𝜎
2‖(𝑢0, 𝑣0)‖𝕃𝜎 + 𝐶2𝜎‖(d1, d2)‖𝔸𝜎0 ≤

1−𝑒−2𝑇𝛿

2
. 

Then 

 ‖(𝑢(𝛿), 𝑣(𝛿))‖
𝕃𝜎̃0
2 ≤ ‖(𝑢0, 𝑣0)‖𝕃𝜎̃0

2 + 𝐶4‖(𝑢0, 𝑣0)‖𝕃2
2 . (5.12) 

The solution on [𝑛𝛿, (𝑛 + 1)𝛿] proceeds as above  

 ‖(𝑢(𝑛𝛿), 𝑣(𝑛𝛿))‖
𝕃𝜎̃0
2 ≤ ‖(𝑢0, 𝑣0)‖𝕃𝜎̃0

2 + 𝐶4∑ 𝑒−2(𝑖−1)𝑇𝛿𝑛
𝑖=1 ‖(𝑢0, 𝑣0)‖𝕃2

2 ,  ∀𝑛 ≥ 1. (5.13) 

We obtain  

 ‖(𝑢(𝑡), 𝑣(𝑡))‖
𝕃𝜎̃0
2 ≤ ‖(𝑢0, 𝑣0)‖𝕃𝜎̃0

2 + 𝐶5‖(𝑢0, 𝑣0)‖𝕃2
2 ,  ∀𝑡 ≥ 0. (5.14) 

where 𝐶5 > 0 is independent on 𝑛. By ((5.14)), we get  

 ‖(𝑢(𝑡), 𝑣(𝑡))‖𝕃𝜎̃0 ≤ 𝐶6,  ∀𝑡 ≥ 0. (5.15) 

Recalling the exponential decay  
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 ‖(𝑢(𝑡), 𝑣(𝑡))‖𝕃2 ≤ 𝑒−𝑇𝛿‖(𝑢0, 𝑣0)‖𝕃2 , 

we deduce from ((5.15)) that  

 ‖(𝑢(𝑡), 𝑣(𝑡))‖
𝕃
𝜎̃0
2
≤ ‖(𝑢(𝑡), 𝑣(𝑡))‖

𝕃𝜎̃0

1

2 ‖(𝑢(𝑡), 𝑣(𝑡))‖
𝕃2

1

2 ≤ √𝐶6𝑒
−𝑇𝑡

2 ‖(𝑢0, 𝑣0)‖𝕃2

1

2 ,  ∀𝑡 ≥ 0. 

The proof of Theorem 5.1 is completed. 
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