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ABSTRACT

In this paper, we study a Majda Biello Type system with weak damping terms
and (ug, vy) € L7(R) x L°(R).

{ Up + Ugyy + Bruty + Bouv, + fau, v + fvv, =0,
Vi + QUypy + Pty + Bouvy + Bruv + Bgvv, = 0.

The system involves two functions, d;(x) and d,(x), which serve as damping
coefficients. We first establish local well-posedness by applying the fixed point
theorem in Fourier restriction spaces Y, ,(R%) x Y&, (R?). Subsequently, using
an approximate conservation law, we extend the local well-posedness result
to a global one, demonstrating that the radius of analyticity of the solutions
remains uniformly bounded below by a fixed positive constant for all time.
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1. Introduction

In recent years, periodic KdV systems have been actively studied both quantitatively and qualitatively. The
significance of the present research lies primarily in KdV systems of the Majda Biello type. A comprehensive study
of solutions in spaces of analytic functions facilitates applications in various scientific fields.

We consider the Majda Biello system, given by

Up + Uyyy T V0, =0
Vet QU + (W), =0 (x,t) € Ty XR or RXR, (1.1)
(W v)|e=0 = (uo, Vo),

where T, = [0,2nA) with 1 > 1,0 < @ < 1, and u and v are real-valued functions.

In [9], Oh studied the local well-posedness of the Majda Biello system in Sobolev spaces H*(R), in both periodic
and non-periodic settings. ElImansouri et al. [10] improved this result in the periodic case by establishing local well-
posedness in analytic Gevrey spaces G, s s(T,) and analyzing the regularity of the solutions.

G7%5(Ty) = {g € L2(T, )i g3 r,) = Tz e () Fog (k) 2d < oo}
This work focuses on the Cauchy problem for a Majda—Biello-type system with a damping term d;(x), i = 1,2

Up + Uyyy + frun, + fouvy, + fsu,v + Bov, +d (x)u =0,
Vp + AVspy + BsUly + Beuvy + Bru, v + Bgvv, + dy(x)v =0, 0<a<l, (1.2)
(U, v)|e=0 = (ug, Vo).

The author in [6] proved that the initial value problem (1.2) is locally and globally well-posed in analytic Gevrey
spaces G°(R) X G° (R).

G'(R) = {g € L>R); lglIgo ) = Jgexn (20 |p])|Frg(p)|*dp < 0, 0 = 0}. (1.3)

In this paper, we follow the approach of the authorsin [2, 4, 8, 11] and choose the most suitable analytic function
space for our system, defined by

L7(R) = {g € *(R); lIglifory = Jg(cosh(alp]))?|Fx(g(p))|*dp < o, o = 0}. (1.4)
Since

exp(alpl) ~cosh(alp)),

we have
11125 gy ~ 111120 gy,

For ¢ = 0, we have L°(R) reduced L?(R). We state the embedding properties of analytic spaces with 0 < ¢’ < g,

L°(R) c L (R), (1.5)

||f”La" So',o" ”f”LU'

We need to impose some assumptions on the damping coefficient d;(x),i = 1,2.
* Damping effect i.e. there exists T > 0 so that

di(x) =T >0, forall x €R.

+ Analyticity i.e. there exist constants M;, M, > 0 so that
||aj;di(x)||Lw(R) < M;MJ(j1), forall j €N.
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Notation: First, we introduce some notations and function spaces used in this paper. We use A s. ., B to
denote A < CB with some constant C depending on ¢y, c,, . ... If C is an absolute constant, we shall write A < B.

If both A <. ., A hold, then we write A~,, ., B.

........

We introduce the following operators:
Ay ==8,[(cosh(s]ADW)? — cosh(a|A])(u?)]
A, = %ax[(cosh(alAl)v)2 — cosh(a|A])(v?)]
0, =[(cosh(o|Au) d,(cosh(a|A])v) — cosh(a|A])(ud,v)]
0, =[(cosh(o|A|])v)d,(cosh(a|Au) — cosh(a|A])(va,u)]
I, =[d, cosh(a|A)u — cosh(a|A])(du)]
I, =[d,cosh(a|A]))v —cosh(a|A])(d,v)],

where A = —id, is a Fourier multiplier with symbol |p|.
The spatial Fourier transform is denoted by

Fo(9) = §(p) = [pexp(—ixp)g(x) dx,

and
Fre(W) = 1(p, 7) = [, exp(— i(xp + tr)) u(x, t) dxdt,
is the space-time Fourier transform.
Now, we shall give an elementary space which will be used in the present paper.

Fourier restriction spaces: The hybrid space between the analytic space and a space of the Fourier restriction
is considered for k € R and o > 0 where Y, . (R?) is a Banach space such that

Iully, w2y = Jge(cosh(alp))? (1 + Iz = p3)**|Fy e (up, 1)) *dpdr,
1V113a  x2) = Jre(cosh(alp)? (1 + |t — ap® N**|Fy (v(p, ) *dpdr.
Also, for § > 0, YT (R?) represents the restricted analytic space given by
Iellys w2y = inf {IUlly,  @2y:U = w on (0,6) xR}, (1.6)
and Y2 (R?)
17llyas ey = inf {IVllvg wey:V = v on (0,8) x R}, (1.7)

We are now ready to derive certain estimates in the Banach spaces 4?(R),s > 0, where

1 i .
lgllacry = Xizo(i + 1)4% ||a§cg||Loo(R)-
Finally, we define the spaces
Yo" (R?) = Y (R*) X YO*(R?),
L°(R) = L?(R) x L(R),
L%(R) = L2(R) x L*(R)
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L®(R) = L®(R) x L°(R) and A°(R) = A°(R) x A°(R),

with norms
I, vllyg = max(lullyes, [vllyge)
l(uo, vo)llLe = max{ lluollve, lIvollLe},
l(Ty, ) llpz = max{ Tyl 2, [IT2 ]l 23,
1(dy, d2) e = max{|[dy e, [|dz |l 3.
and

1(dy, d2)llae = max{lldyllae, lld;[las}-
We will show that Y, *(R?) is continuously embedded in

¢([0,8],17(R)) x €([0, 8], L7 (R)), K >,
Lemma 1.1 Let k > % and o > 0, Then,

V(u,v) € YZ*(R?),

we have

| v)lse = sup ||(uC,0),u(,0)
te[0,6]

vy S 1@ Dl

2. Linear Estimates
Owing to Duhamel's formula, the solution of (1.2) can be written as

u(x, ) = W(thue(x) + f, W(t — ) (dyu + Np) (x, r)dr

t
v(x,t) = W,(t)vy(x) + fo W,(t — 1) (dyv + N,))(x,r)dr.
where
Ny = Bruuy + Bouvy + BauV + Bovvy, Ny = Bsutsy + Beuvy + Bruy v + Pgvy.
Here W (t) and W, (t) denote respectively the solution groups associated with the homogeneous linear problems:

{ du+diu=0
u(x, 0) = up(x),

and

{atv +adiv=0
v(x,0) = vy(x),

where
W(t) = Fyle ®P°F,,  and  W,(t) = Fyle *’F,.
So we define two operators (@, %), such that:
(P(w), Y(w)) = W()ue(x) + fot W (t —r)(diu + Ny)(x,r)dr,
W ()6 (x) + [ Wy (¢ — 1) (dyv + ND) (x, 7)dr).

By using a cut-off function i € C5°(R), with ¢ = 1in [—%,%] ,suppy c [—1,1] and ys(t) = z/)(g), we may localize it
in time. Define the operator (&, (w), ¥;(v)) given by
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(P(w), Y () = (W (O)ue(x) + ftW (t = r)(dyu + Py N (x, 1) dr, P, We () vo (x) + 9y ftWa (t = 7)(d2v + 1 N) (x, r)dr).

defined for system (1.2). We are going to solve (@ (w), ¥ (v)) = (u, v).
Lemma 2.1. ([7]) Let ¢ > 0 and é < x <1, we have

11 (OW () () llyorrzy Sy, Nue()llLowy,

[, (OW (£)vo(x) ||Yg"‘(R2) Sy, o) lLow)-

[w: @) fy w (¢ = rINy e, rydr

YOK(RZ) S"pl ”Nl(x’ t)”YU’K_l(RZ)’

GG IACIST 1 N,

If%< k< k' <1,thenvés > 0, we have
s ON1 G Ollyor-1g2y S 6% N2 (X Oll o1 oy
15 (ON2 (6, O)llygios ey S 8% IN2 G Ol -1 o
Lemma 2.2. ([8]) If —> < « < 3, then for I < [0,6]
trullyor S llullygr,

I vllygre S llvilyer,

where U is the characteristic function in I.
Lemma 2.3. ([11]) For any ¢ > 0 we have
||K[o,5](t)e_ZT(‘S—t)u||Y§,1—K S llullyge,
||M[0,5](t)e'ZT(‘S't)v||Yg,(1g_x < ”U“Yg:g.
Lemma 2.4. ([11]) For any ¢ > 0,d,,d, € A°(R),u, v € L?(R) we have

ld; ulle s lldy COllacllullLe,
ld2 () vlle s ld () lacllv]lLe.
For0<é6 <1, k' <0, k>0 we have

Ildl(x)ullyg,x' S [ld ) llaeyllullyge,
12l = llda @ llaocry 19l
3. Bilinear Estimate
We state the desired bilinear estimate in the next lemma.
Lemma 3.1. (Bilinear estimate) Let ¢ > 0 and k > % Then
llu dxullyon-1 Sy llullgor,
v 0, vllyor-1 S Vllgox,
lud,ullyor-1 S, llullox,
v 0xvllygr-r1 Sy IIvllig.x,
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lu 0 vllyor-1 S llullyoxllvilyox, (3.5)
v 0xullyor-1 S llullyoxllvilyox, (3.6)
ludxvllyor-1 S llullysclivllygx, 3.7)
v o ullygr-1 S llullyscl[vllygr. (3.8)

Proof. Let p = p; + p,, we have |p| < |p,| + |p,| by the triangle inequality. As a consequence, we then have

(e91P1 4¢=0ll)

Cosh(0|p|)(sech(0|p1|)Sech(0|p2|)) =2 (ed1P1l4e-01p1T)(e01P2l 4 ¢—0lp2l) <4,

such that

(e91Pl4e=0lPl) <
(edlpﬂ+e—¢f|p1|)(ealpzl+e—olpzl) <2

Setting
(U, V) = (cosh(a|ADu, cosh(a|A|)v),

where (u, v) is the solution of (1.2). Then,
(u,v) = (sech(a|A|)U, sech(a|A|)V).
We start by proving the inequality (3.2).

10,0 |lyor-1 = llcosh(alAD[dx(sech(a|ADV)?]|lyx-1

= |lo(z = p*)* 7 cosh(alpDFy[(sech(a|AD) V)|

1213

Ip|

<
(r—p3ﬂ—KJ;=p1+pzﬁ=rl+rz|V(p1’T1)||V(p2'T2)|dp1dT1|L%L%'

~

< [z _p3)K_1|p|Fx,t(W2)||L%L%, where w = Fj} (|1}|)
~ Al W) llye-

S« Iwllys, by Proposition 5.3 in [9]

~IVIRE ~ 1vllgor.

Now, proving the inequality (3.7).

ludxvllyor-1 = llcosh(alAD[(sech(a|ADU) dx(sech(a|ADV)]llyx-1

< [lox = ap?<" cosh(alpDFy.c[(sech(alA]) U)(sech(alAD V)]

1213

lp] o e
GtzzgﬁtEJ;=P1+Pzt=nﬂﬁz |U(p1,rl)||V(p2,rz)|dp1d71”LT ’

272
Lp

<

~

< e = ap®y plFyGew)]l p,  where k= Fi} (Jo]).w = Fz2(Jv])
~AIGew) [lyre-1

S lellyellwllyx, by Proposition 5.3 in 24

~UllyelVIlyg ~ llullyoxllvliyer.
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Lemma 3.2. (Energy-bilinear) Given k = §+ e.We have V6 > 0, u € Y, (R?)

#1061 (A1 ]l s = 0l
40,6182l s S 21N,
[tt0.51 ()1l s S 02 lulloe,
”K[O"g](')AZ”Yyl S 02””"\2(3“’
1051081 lys = o lullyonlvllygs,
bti0.51()82 | s = o2 ltllyelivlyg,
P05y ()81l = P lutliyelivllyg,

||K[o,s](')®z||Y§_1 S o?llullyoxllvllygx,

Proof. By symmetry, we may assume that

lp1l = [p2l = -+ = |py.
By Lemma [4],
|1 = cosh(alp) [T}~  sech (alp;|)| < 2P 38, ilops| lopkl
< p?2Pa?|pyllp2l-
We will prove (3.10) and (3.13), the rest is similar. Taking the Fourier transform, we have

Fe(82)(p) =5 ol [1 = cosh(alp]) [Ty sech (a]p;|)] T2 77 (p;)dprdpe,

p=p1tp2
and
Fo(0)(0) = [ _, ,,.[1 = cosh(alp]) [T}y sech (a]p;])] U (p)1pIV7 (p2)dp1dps.
Now set
@7 = F1(1U°)),
and

¢g = Fx*(IV7)).
Then applying (3.17)

[Fx(A) ()] < 1602 fp |p1||p2||l777(p1)||l777(p2)|dp1dp2
= 1607 fp=p1+p2 |P1||P2|$25(P1)| |(f);”(p2)dp1dp2
= 160%F,((|Al1$5)*) (p),

=p1+p2

and

|Fx(©1)(p)I < 160 =p1+p2 |p1||p2||1777(p1)||175(p2)|dp1dp2

= 1602 p=p1+ps |P1||P2|J’?(P1)| |<i7\g(,02)dp1d,02

= 1607F,((|AI¢71A1$2)) (p)-

Thanks to the Plancherel, Hélder and Sobolev embedding, we get

051 O8] S o2I(IAIBS)? lyes
< o?llgg I

~ a2V,
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and

10,5101 < ?l(JAIBT|AIPS) Iy
S 0?13 llvll T Iy

~ IV |lyx U lye.
Lemma 3.3. [11] Let d;,d, € A% where g, > 0. Then we have V0 < ¢ < g,
T2 < Zf0 llds a0 llullLe + 2MIdy [l oo llull 2,

a
IT2ll.2 < 2 -l llaco llulle + 2llda llo llull 2.

4. Local Well Posedness
We begin with our first main result: a local well-posedness theorem. We denote B = max{g;,i = 1,..,8}.

Theorem 4.1. Let ¢ > 0 and (ug, vy) € L?. Then there exists k >§ and § > 0 depending only on a,s and ug, v,
where (1.2) is locally well-posed in

C([0,6],L°(R)) x C([0, 8], L7 (R)).
In addition, the solution (u, v) satisfy
l(u(@), v(E)lwe < cll(w, v)llyex < 2C 1 (uo, vo)llpe, ¢ € [0,6].

Proof. Let B(0,7) be a closed ball given by

B(0,7) = {(wv) € llw, v)llygx <} herer = 2ClI(uq, vo)lyo-
It will be shown that the map
(@), ¥(v)):B(0,7) —» B(0,7),
is a contraction. By using Lemma 2.1, Lemma 2.4 and Lemma 3.1, we get

(@1 (w), P1(v)) ||Ygﬂc s,
and

(@) — @), ¥@) = P )llyzx < @ —u), @ = v")llyzs,
where
5: ! .

(1+11(d1.d2)l go +4ll (uo,v0) I o )’ —x

5. Lower Bound of Analytic Radius

In our second main result, for a system of modified KdV equations with damping, the analytic radius has a fixed
positive lower bound uniformly for all time.

Theorem 5.1. We suppose that the damping term assumptions (A1) and (A2) hold and (u,, v,) belongs to L%, for
some g, > 0. Then, system (1.2) has a unique global solution (u(t), v(t)) belongs to L.°®, where

o(t) =6, Vt=0,

with 6, > 0, depends only on ||(ug, vo)|lLo0, 09, d; and d,. Furthermore

—At
l(u@®), v(E)llyzo < Cez, Vt=0,
and € > 0 depends only on ||(ug, vg)ll1o0,d; @and d,.
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In this subsection, we derive global bounds for the local solution obtained in Theorem 4.1. Following the strategy
in [4, 8, 11], the argument proceeds in two steps:

5.1. Almost Conservation Law
Recalling that
%fRude +2 [id; (uPdx =0, vt=0, (5.1)
%fR v?dx +2 [ d, (x)v?dx =0, Vt=0. (5.2)
If d;(x) =T > 0,i =1,2 on R, so by the Gronwall's inequality, we find by (5.1) and(5.2 ) that

Il (u(®), vtz < e | (uo, vo)llfzy  VE 2 0. (5.3)

The main goal here is to establish an energy growth bound in the analytic function spaces L?. The statement of
the result is as follows.

Theorem 5.2. Assume that (d;,d,) € A% with some g, > 0 and d;(x),d,(x) =T >0 forallxeR. Let 0 <0 < gy
and (uq,vy) € LY, and let (u,v) be the solution on [0,5] obtained in Theorem 4.1. Then there exist constants
C,, C,,C3 > 0 depending only on T and g, so that

I(w(8), v(E)lfe S e > Il (o, vo)llfs + C10 Il (w0, o) Iio
+C0l(dy, dz)lav0 Il (uo, o) ”]12}’ + C3l1(dy, d2) llwell (o, vo) 2 (ry Il (o, Vo) o
Proof. By (1.2), it is not hard to see

9. (cosh(a|ADw) + 83 (cosh(a|ADw) + B, cosh(a|A])(u d,u) + B, cosh(a|A])(ud,v) + f5 cosh(a|A]) (v d,u)
+f, cosh(a|A|)(vd,v) + cosh(a|A])(d;(x)u) =0,

d¢(cosh(a|A])v) + a d3(cosh(a|A|)v) + Bs cosh(a|A])(ud,u) + B cosh(a|A])(u 0,v) + Bg cosh(a|A]) (v )

+pg cosh(a|A|)(v d,v) + cosh(o|A])(d,(x)v) =0,

which is equivalent to
8, (cosh(a|ADw) + 83 (cosh( o|A|u) + By (cosh( o|A|)u d, cosh(a|AD)w) + B, (cosh(a|Al)udy cosh( a|A|)v)
+B5(cosh(a|A])v 8, cosh(a|A])u) + B4 (cosh(a|A])v 8, cosh( a|A|)v) + (dy (x) cosh( a|A])w)
= B, (cosh(a|A])udy cosh( a|A]u) + B, (cosh( a|A)u dy cosh(a|A[)v) + Bs(cosh(a|A[)v 8, cosh(a|Al)w)
+B,(cosh(a|A)v 8, cosh(a|A)v) + (d; (x) cosh(a|ADw) — B, cosh(a|A])(udxu) — B, cosh(o|A])(udyv)
—B5 cosh(a|A]) (v Bx1) — By cosh(a|A]) (v Bxv) — cosh(a|Al)(d; (x)w),

8 (cosh(a|A)v) + a 83 (cosh(a|A])v) + Bs(cosh( o|A])u d, cosh(a|AD)w) + Bs(cosh( a|Al)udy cosh( a|A])v)
+B,(cosh(a|A|)v dy cosh( a|A])u) + Bg(cosh(a|AD)v d, cosh(a|AD)v) + (d,(x) cosh(a|Al)u)

= Bs(cosh( o|A|u 8y cosh(a|ADw) + Bs(cosh(a|ADud, cosh( a|A])v) + B, (cosh(a|A|)v d, cosh( a|A])u)

+Bg(cosh(a|A|)v 0, cosh(a|A])v) + (d,(x) cosh(o|A)u) — S5 cosh(a|A])(ud,u) — e cosh(o|A])(ud,v)

=B cosh(a|A])(v dxu) — g cosh(a|A])(v 0,v) — cosh(a|A])(dz(x)u),
We use A, A,,04,0,,T; and T, we obtain
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d.(cosh(a|A)u) + 33 (cosh(a|A])u) + B1(cosh(a|A)ud, cosh(a|A])u) + B,(cosh(a|A|)ud, cosh( a|A|)v)
+5(cosh(a|A|)v d, cosh(a|A)u) + By(cosh(a|A)v d, cosh(a|A])v) + (d;(x) cosh(a|A])w)

= B1h1 + 201 + B30, + BLA; + 1Y

{ (5.4)

9. (cosh(a|ADv) + a d3(cosh(a|A|)v) + Bs(cosh(a|A])ud, cosh( a|A])w) + Bg(cosh( a|A])u 0, cosh( a|A])v)

+B,(cosh(o|Al)v 0, cosh(a|A|)u) + Bg(cosh(a|A|)v 0, cosh(a|A])v) + (dy(x) cosh(a|A])u)

= fsA1 + B6O1 + 570, + BgA; + T

Multiplying (5.4); by cosh(c|A])u and (5.4), by cosh(co|A|)v and integrating in space and by assuming that
cosh(a|A])u and cosh(a|A])v decay to zero when |x| — oo, and the same applies to all spatial derivatives. Then, (5.4)
becomes

1d

o Ja(cosh(a|ADu)? dx + %%fR(cosh( a|ADv)?dx + [ di (x)(cosh(a|ADw)?dx + [, d; (x)(cosh(a|A[)v)?dx

= By [ (cosh(a|ADw)A, dx + B, [ (cosh(a|ADu)Aydx + B, [ (cosh(a|ADu)O,dx + B [, (cosh(a|A|)u)O,dx
+ [o(cosh(a|ADWTydx + Bs [ (cosh(a|AV)Adx + B [ (cosh(a|A|)v)A,dx + B [ (cosh(a|A)v)6,dx

+B7 [ (cosh(a|ANV)O,dx + [, (cosh(a|A])v)T,dx
Since d;(x),d,(x) =T > 0, Vx € R we have

1d
2dt

Je(cosh(a|ADu)?dx + %%fR(cosh(alAl)v)zdx +T [ (cosh(a|ADw)?dx + T [ (cosh(a|A|)v)*dx
Sg [y(cosh(a|ADwWAdx + [ (cosh(a|Au)d,dx + [ (cosh(a|Au)O,dx + [ (cosh(a|A|)u)O,dx
+ [ (cosh(a|ADWTydx + [ (cosh(a|A)v)Adx + [ (cosh(a|A)v)A,dx + [ (cosh(a|A|)v)O,dx

+ fR(cosh(alAl)v)szx + fR(Cosh(alAl)v)I‘zdx
Applying Gronwall's lemma, we have
(8), v(&)llfs Sp e~ Il((0), v(O)lIfo
+2| [z 0,61 t)e 276D (cosh(o|ADu)A, dxdr|
+2| [z 0,61 t)e 276D (cosh(o|ADu)A, dxdr|
+2| [o2 M08 ()e2TC D (cosh(a|ADv)A, dxdr|
+2| [z M08 (t)e 2T (cosh(a|A|)v)A, dxdr]|
+2| fo 0.6 (D)e2TC D (cosh(a|ADw)O,; dxdr|
+2| [ 10,5 (£)e2TC7D (cosh(a|ADu)O, dxdr]
+2| [ mp0,6) (£)e2TC7D (cosh(a|A|)v)O; dxdr]|
+2| o2 Mpo5) (t)e 2T~ (cosh(a|A|)v)0O, dxdr|
+2] fOT Je 0.5 eI (cosh(a|ADwW)T; dxdr|
+2| fOT Je 0.8 ©e72TC" D (cosh(a|AV)T, dxdr]
< e 8| (w(0), v(O)lis + Iy + I, + I3 + 1, + I3

+lg + [, +Ig + 1o + L4.
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Estimate I,: Since (cosh(a|Au), (cosh(o|A|)v), are real-valued, it follows from Plancherel's identity and Cauchy-
Schwarz inequality that

I = 2| [a (0,87 (Ve 277D (cosh (a|ADW)) (p, T) (10,5 (A1) (p, T)dpdr]
= 2| fraCt0.5) (Ve (cosh(a|ADW)) (p, 7) (g5 (VA1) (p, T)dpdr]
< 2||ng0,51(De 72 (cosh( o ADW | sl #10,51 (DD [| s

Estimate I,: We have

I, < 2||u[0,5](-)e—zm—f)(cosh(a|A|)u)||Y1_K||x[0,6](-)A2||YK_1, (5.5)
Estimate I;: We have

I3 < 2||M[o,5](')e_ZT(‘g_T)(COSh(UIAI)U)HY%(_K||K[o,s](')A1||Y5_1, (5.6)
Estimate I,: We have

I, < 2||K[o,s](')e_ZT(‘s_T)(COSh(UIAI)V)||Y111_K||%[o,5](')Az||Yg_1, (5.7)
Estimate I;: We have

Is < 20,5 (e 27D (cosh (o ADW|y- 10,501 [l s (5.8)

Estimate I,: We have
Is < 2|05 (De"27CD (cosh (| AW s c[#10,51 (D02 s (5.9)
Estimate I,: We have
Iy < 2[[nj0,5(De = (cosh(a|ADV)|| s 110,51 (IOs [l -1 (5.10)
Estimate Ig: We have
Iy < 2|05 (Ve (cosh(aIANV)| - [[1051 (IOl -1 (5.11)
we have both —% <k—-1< %and é <1l-k< é Therefore, one can use Lemma 2.3, Lemma 2.2 to obtain

4051026 cosh(alADW 1o = [Ptgo1 (e 2T Du

yl-k yo.1-k

< ||(u, U)“Yg,l—x,
||K[o,5](')e_ZT(s_T)(COSh(0|A|)V)||Y1_K = ||K[o,5](‘)e_ZT(S_T)U”Yg,l—x
S @ w)llyga-s.
Then, we can conclude by Lemma 3.2 and the fact that 1 — k < k
18=1 I; S o?ll(u, V)”;glk s O_le(uO'UO)”EU-
Estimate I, and I,,: By using Lemma 3.3, Lemma 2.3 and Lemma 2.4 we get

i251; < Cy0ll(dy, dp)llavo Il (o, vo)”nzﬁ + C3”(d1:dz)”]L°°”(u0;Uo)”n}(n@)”(uo; o) |l

5.2. Proof of Theorem 5.1

By assumption (A42), we get
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1,5k 1 —
lds llaery < Zi=o(k + 1)4% llo%ull oy < Tizo(k + 120 M M5 < 0o, forall 0<o<M;™"

and

1 gk 1 _
lIdzllacry < TzoCk +1)s T 105l ory < Tao(k + 130*M;Mf < 0, forall 0 <o <M.

Let (ug, vo) € L7°(R) where g, < M;*. Thus, we may prove that

(d1(x), d2(x)) € A%(R).
By Theorem 4.1, it exists a unique solution
(u,v) € €([0,6],L7(R)) x €([0, 6], L (R)),
of (1.2) where
1

S~ —

(1+11(d1.d)ll go +4ll (o, vo)llg o ) —x

and by Theorem 5.2, we have
(&), v(ENfs < e "1l (wo, vo)lIfs + C10? (o, vo)lfo
+CZO'||(d1.d2)||A00||(U0,V0)||i0 + Cs||(d1xdz)”]L“’”(uoxUo)”M(}z)”(“o: vo)llLe-
Now, using the inequality

1—g=2T8
Csl1(dy, d)lpee |l (uo, Uo)"]LZ(R)"(uo: vo)llpe < e2 Il (uo, 770)”?;? + Cyll (ug, Vo)||iz(R),

with ¢, = (1 - e‘ZT‘S)_l(C3||(d1,dz)IILoo)z, we deduce that

1+e

—2T& 5 5 5
2 I (wo, vo)llge + €12l (g, vo)llge

1), v(&)IiZ <

1-e

-2Té6 2 2
— (o, Vo) I + Call o, v0) 122

+C,0ll(dy, d2)llaoo | (Uo, Vo) ||]]2ff +
Now, we choose

1—e—2T8 1—e—2T8 1

o = 6y, = min{ o, 2
0 { 0 4¢3l (d1.d2)llgo0 * 4C1lI(uov0) 26

So

1—e—2T6

C,0%|[(ug, vo)llpe + C,oll(dy, d2)llao0 <
Then
"(u((s)'v((s))”ia'o < ”(uOl UO)HEEO + C4-||(u0' UO)”EZ-

The solution on [né, (n + 1)§] proceeds as above

| (w®8), v(nd)|Iiz, < (o, vo)lle + Ca Bieq e 2D [ (ug, vp) Iz, VR = 1.
We obtain

(@), v(E)IZz, < (o, vo)llZz, + Csll (o, vo)llf2,  VE = 0.
where Cs > 0 is independent on n. By ((5.14)), we get
Iu(®), v(t)llzo < Csy Vt=0.

Recalling the exponential decay
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I (u(t), v(t)) ”]L2 < e_T6||(uo; vo)”]LZ;

we deduce from ((5.15)) that

1 1
2 2

@), vl 20 < 1(®), vEDIIZ4, @), v, < \/C_ee_TTtII(uo, vo)llZ,, vt =0.

9o
L2

The proof of Theorem 5.1 is completed.
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